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Abstract. Let Knots be the abelian monoid of isotopy classes of knots 5^ C 
5^ under connected sum, and let C be the topological knot concordance group 
of knots under connected sum modulo slice knots. Cochran, Orr and Tcichner 
defined a filtration of C: 

C 3 -^(0) 3 J^(().5) D -^(1) D -^(1.5) 3 J"(2) D ■ ■ ■ 
The quotient C/J-'(o.5) is isomorphic to Levinc's algebraic concordance group, 
which we denote ACi; J^(o.5) algebraically slice knots. The quotient 

C/.F(1.5) contains all metabelian concordance obstructions. The Cochran-Orr- 
Teichner (1.5)-level two stage obstructions map the concordance class of a knot 
to a pointed set (COTfc/i s) , (/). 

Wc define an abelian monoid of chain complexes V, with a monoid homo- 
morphism Knots — > V. We then define an algebraic concordance equivalence 
relation on V and therefore a group AC2 '■= V / ~, our second order alge- 
braic knot concordance group. Our results can be summarised in the following 
diagram: 

Knots ^ V 



C ^AC2 



V 

C/-^(1.5) ^CC'T(C/1.5)- 

That is, we define a group homomorphism C AC^. which factors through 
C/J-"(i 5). We can extract the two stage Cochran-Orr-Teichner obstruction 
theory from AC2'. the dotted arrows are morphisms of pointed sets. There is 
a surjective homomorphism .AC2 — > »4Ci, and we show that the kernel of this 
homomorphism is non-trivial. Our second order algebraic knot concordance 
group AC2 is a single stage obstruction group. 
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CHAPTER 1 



Introduction 



1. Introduction to knot concordance 

Definition 1.1. An oriented knot K is an oriented, locally flat embedding K : C 
. An oriented knot K is topologically slice if there is an oriented locally flat 
embedding of a disk C whose boundary dD^ C dW^ — is the knot K. 
Here locally flat means locally homeomorphic to a standardly embedded R''" C M'^+^ . 

Two knots Ki,K2'. C are concordant if there is an oriented locally flat 
embedding of an annulus 5*^ x / c 5^ x / such that d{S^ x /) is Ki x {0} C x {0} 
and —K2 X {1} C x {!}. Given a knot K, the knot —K arises by reversing the 
orientation of the knot and of the ambient space S'^: on diagrams reversing the 
orientation of corresponds to switching under crossings to over crossings and 
vice versa. The set of concordance classes of knots form a group C under the 
operation of connected sum with the identity element given by the class of slice 
knots, or knots concordant to the unknot. □ 

Fox and Milnor first defined the knot concordance group C in |FM66j : they 
were interested in removing singularities of piecewise-linear surfaces in a 4- manifold: 
a singularity is removable if a piecewise-linear sphere centred on the singularity 
intersects the surface in a slice knot. They gave a condition which a slice knot 
satisfies, namely that, up to a unit, its Alexander polynomial factorises in the form 
for some /. 

One can also consider smoothly slice knots and require that embeddings are 
smooth rather than just locally flat, but we will primarily consider topological 
manifolds and locally flat embeddings in this work. 

The aim of this work is to unify some previously known obstructions to the 
concordance of knots using chain complexes with a Poincarc duality structure, and 
to present the beginning of a framework with which to apply the algebraic theory 
of surgery of A. Ranicki |Ran80| to classification problems involving 3- and 4- 
dimensional manifolds. 

The first major progress in the study of the concordance group was in 1968 
when Levine defined an algebraic concordance group ACi, namely the Witt group 
of integral Seifert forms. The Seifert form is the linking form on the first homology 
Hi{F; Z) of a Seifert surface F, defined by pushing one of a pair of curves off the 
surface slightly along a normal vector. A form is said to be algebraically null- 
concordant if it is represented by a matrix congruent to one of the form: 

A 
B C 

for block matrices A, B, C such that C = and A — B^ is invertible. To obtain 
a group, we add two forms together via direct sum and — F is the inverse of V. 
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The idea is that if there is a half-basis of curves on F with self linking zero, 
it might be possible to cut the Seifert surface along these curves and glue in discs, 
embedded in D^, so as to construct a slice disc. This is called ambient surgery. 
For knots with Alexander polynomial one, this is possible |FQ90| , |GT03| : we 
can embed the discs topologically. However, in general this is problematic as we 
shall see below. Certainly a slice knot has an algebraically null-concordant Seifert 
form, so we have an algebraic obstruction. Lcvine jLev69| and Stoltzfus |Sto77| 
calculated the Witt group of integral Seifert forms ACi to be isomorphic to the 
countably infinitely generated abelian group: 

Ze0 Z2 ©0 Z4. 

00 00 00 

The infinite cyclic summands are detected by the Levine- Tristram w-signatures: for 
a Seifert form V and a;G5^\{l}cC, the w-signature is the signature of: 

{l-Lu)V + {1-lJ)V'^. 

Definition 1.2. An oriented m-dimensional knot K is an oriented, locally flat 
embedding of 5"' C 5™+^. An m-knot is topologically slice if there is an ori- 
ented, locally flat embedding of a disk D™^^ C whose boundary C 
Qj~)m+3 _ gm+2 ^^^q knot K. The group of concordance classes of m-knots is 
denoted Cm- D 

Every m-knot has a Seifert (m + l)-manifold F in 5™+^, with boundary the 
knot, and there is a linking form on the middle dimensional homology of F deflned 
as above which gives us the Seifert form. We push the interior of F into D™'^^, 
and try to perform ambient surgery in on the Seifert manifold to make it 

highly connected and therefore, by the /i-cobordism theorem, a disk _D™+^. In the 
case of even-dimensional knots there is no obstruction to this, and we can always 
guarantee by general position that we can glue in embedded rather than immersed 
discs when we try to do ambient surgery. Kervaire [Ker65j showed that: 

C2n = 0. 

For odd dimensional knots K : S*^""^ C 5^"+^, the algebraic concordance class of 
the Seifert form obstructs the possibility of embedding all of the surgery disks. 
Levine |Lev69j showed for odd high dimensional knots, with n > 2, that this is the 
only obstruction, so tha10: 

C2n-1 — > AC\. 

For high-dimensional knots we can always assume by surgery that the fundamental 
group of the complement of a Seifert 2ri,-manifold pushed into £)2"+2 jg ^-^A 
using the Whitney trick we can always guarantee that we can glue in embedded 
discs, as long as the algebraic obstruction vanishes, when we try to do ambient 
surgery. An odd-dimensional knot in high dimensions, so when n > 1, is slice if 
and only if it is algebraically null-concordant. However when n = 1, our case of 
interest, the Whitney trick fails, this program does not work and Levine's map is 
only a surjection. Whenever we try to do surgery to kill an element of the funda- 
mental group of the knot complement, we simultaneously create another element 



Actually, AC\ takes a slightly different form when n is even: we require the Seifert form V 
to satisfy that V -\- (— is invertiblc over Z. Also C3 maps to an index 2 subgroup of A.C\. 
See |Lev69| for details. 
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of the fundamental group, so we cannot assume, even up to concordance, that 
the knot group is Z; indeed, by the Loop theorem of Papakyriakopoulos |Pap57| , 
[Hem76] . the only knot with cyclic fundamental group is the unknot. As a result, 
the fundamental group of a slice disc complement will not typically be Z, unless 
the Alexander polynomial of the knot is one, but will also be more complicated. In 
dimension four there is no guarantee that disks can be embedded, only immersed, 
even if the linking form obstruction vanishes, and attempts to remove intersection 
points create further problems with the fundamental group. These problems do 
not disappear in general unless, as was done by Casson and Freedman f [Cas86] . 
[FQ90| ) , we can push them away to infinity. The fundamental groups of knot con- 
cordance exteriors are in general not "good" in the sense of Freedman, so this will 
not be possible. Obstructing concordance of knots in dimension three starts with 
the high-dimensional obstruction, but in contrast to the high-dimensional case, this 
is only the first stage. 

There is a more intrinsic version of the algebraic concordance obstruction. We 
will primarily make use of this version. We now return, for the exposition, to 
considering 1-dimcnsional knots, as they are our primary case of interest0. If we 
cut the knot exterior 

X ■.= d{S^\{K{S^) xD^)) 
open along a Seifert surface, and then glue infinitely many copies of X together 
along the Seifert surface, we obtain a space X^o, the infinite cyclic or universal 
abelian cover of the knot exterior, which is independent of the choice of Seifert 
surface. The Z[Z]-module iJi(Xoo;Z) = iJi(X;Z[Z]), called the Alexander module, 
is therefore an invariant of the knot. It is a torsion module (see jLev77j ). and we 
can define the Blanchfield homology linking pairing 

Bl: i/i(A:;Z[Z]) x 7?i(X;Z[Z]) ^ Q(t)/Z[i, t-^] 

as follows |Bla57j . For x, y G Ci [Xoo] Z), find z G C2{Xoo;'^) such that dz = p{t)x 
for some Laurent polynomial p{t) e Z[Z] = Z[t, i^^] where t generates the deck 
transformation group of Xqo (taking p{t) — Aif(t), the Alexander polynomial, will 
always work, for instance). Then define: 

Bl(.T,y) = ' e Qit)/Z[t,t-^] 

pit) 

where ( , ) is the Z- valued intersection pairing of chains in C2 and Ci. 

This is equivalent to defining the Blanchfield pairing via the isomorphisms: 

7Ji(X;Z[t,t-i]) ^ H'\X;'L[t,r^]) ^ ifi(X; (Q(i)/Z[t, 

^ Hom2;[4,t-i] (iJi(X; Z[i, ^-i]), Q(t)/Z[t, r^]) 

where the isomorphisms come from Poincare duality, a connecting Bockstein ho- 
momorphism, and a Universal Coefficient Spectral Sequence. The Blanchfield form 
arises from a Seifert matrix V as follows (see |Kea75b] ): 

Bl(a,6) = a^(l~t){tV -V'^y^b mod Z[Z]. 

Note that in order to invert the matrix it is necessary to pass to the field of fractions 
Q(i) of Z[f, t^^]. The appearance of the factor (1 — t) corresponds to the duality; it 
measures the intersection of 2-chains and 1-chains in a certain handle decomposition 



■The following construction has an analogous version for all odd dimensional knots. 
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which begins with the Seifert surface: jKea75a( page 158]. For a shce knot, the 
Blanchfield form is metabolic; that is, there is a submodule P C a 
metaboUser, such that P = P^ . where 

P^ {v e i7i(X;Z[Z]) | Bl(w,u;) = for all w e P}. 

The next significant development in the study of the classical knot concordance 
group Ci was the seminal work of Casson and Gordon [CG86| , who found the first 
algebraically null-concordant knots which are not slice; they used the metaboliser 
of a linking form on a fc-fold branched covering of over a knot, for prime power 
fc, to define representations of the fundamental group of a 4-manifold whose bound- 
ary is Mk, the result of performing zero- framed surgery on K. They used these 
representations to calculate the signature of the twisted intersection form of the 
4-manifold. They made use of the key observation that the vanishing of first-order 
linking information in a 3-manifold controls the representations of the fundamental 
group which extend over a 4-manifold which has the 3-manifold as its boundary. 
This enables the construction of a second order intersection form on the 4-manifold. 
For a slice disc exterior the signatures of the intersection form which Casson and 
Gordon defined vanish, yielding an obstruction theory. 

In 1999, Cochran-Orr-Tcichner |COT03| defined an infinite filtration of the 
concordance group. They understood that the Casson-Gordon invariants obstructed 
sliceness on a second level. Recall the heuristic above that if the Seifert form is 
algebraically null-concordant we can attempt to surger along the curves with zero 
self-linking and try to create a slice disk. Instead of being able to glue in disks, we 
can certainly glue in surfaces. We can then ask whether these surfaces have suffi- 
ciently many curves with zero self linking: the Casson-Gordon invariants obstruct, 
roughly speaking, the existence of these curves. The Cochran-Orr-Teichner filtra- 
tion essentially iterates this idea. It is defined by looking at successive quotients of 
the derived series (Definition 15. 4|) of the fundamental group, and constructing so- 
called higher order Blanchfield forms to control which representations extend over 
their 4-manifolds. By using the Blanchfield form on the infinite cyclic cover instead 
of the Q/Z- valued linking forms on the finite cyclic covers as in the Casson-Gordon 
type representations, Cochran-Orr-Teichner keep greater control on the fundamen- 
tal group, which significantly improves the power of their obstruction theory. Their 
representations map into fixed groups which they call universally solvable groups, 
and the values of the representations depend for their definitions on choices of the 
way in which the lower level obstructions vanish. See Chapter [7] for a survey of the 
Cochran-Orr-Teichner theory. 

Finally, with this extra control on the fundamental group, extra technology is 
required to extract invariants of the Witt classes of intersection forms. Cochran- 
Orr-Teichner use the theory of L'-^^-signatures, in particular the Cheeger-Gromov- 
Von-Neumann p-invariant, to obtain signatures which capture their obstruction 
theory and are able to show that their filtration is highly non-trivial. 

The goal of this work is to present a unified obstruction theory for the first 
two stages of the Cochran-Orr-Teichner filtration, which docs not depend on any 
choices. 

Definition 1.3. We recall the definition of the zero-framed surgery along K in S^, 
which we denote by Mk ■ attach a solid torus to the boundary of the knot exterior 
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in such a way that the longitude of the knot bounds in the sohd torus. 

□ 

The Cochran-Orr-Teichner fikration is based on the following characterisation 
of topologically slice knots: notice that the exterior of a slice disc for a knot K is 
a 4- manifold whose boundary is Mk, since the extra x which is glued onto 
the knot exterior X is the boundary of a regular neighbourhood of a slice disc. 

Proposition 1.4. A knot K is topologically slice if and only if Mk bounds a 
topological 4^-manifold W such that 

(i) : i* : Hi{Mk\'^) — > Hi{W;'L) where i: Mk ^ W is the inclusion map; 

(ii) : H2iW;Z) ^ 0; and 

(iii) : TTi(W) is normally generated by the meridian of the knot. 

Proof. The exterior of a slice disc D, W cl{D'^ \ {D x Z?^)), satisfies 
all the conditions of the proposition, as can be verified using Mayer- Vietoris and 
Seifert-Van Kampen arguments on the decomposition of Z)^ into W and D x D^. 
Conversely, suppose we have a manifold W which satisfies all the conditions of the 
proposition. Glue in x to the x part of Mk- This gives us a 4-manifold 
W with H^{W'; Z) = H^{D^; Z), Tri{W') ^ and dW = 5^, so K is slic e in W. 
We can then apply Freedman's topological /i-cobordism theorem |FQ90| to show 
that W' « and so K is in fact slice in D'*. □ 

We give the definition of the Cochran-Orr-Teichner filtration of the knot con- 
cordance group. An (ri,)-solution W is an approximation to a slice disc complement; 
if K is slice then it is (ri,)-solvable for all n, so if wc can obstruct a knot from being 
(n)- or (n.5)-solvable then in particular we show that it is not slice. 

Definition 1.5 ( |COT03] Definition 1.2). A Lagrangian of a symmetric form 
X: P X P — > i?ona free _R-module P is a submodule i C P of half-rank on 
which A vanishes. For n G No := N U {0}, let A„ be the intersection form, and 
fin the self- intersection form, on the middle dimensional homology iZ2(W^'-"-' ; Z) = 
iJ2(W^;Z[7ri(VF)/7ri(VF)(")]) of the nth derived cover of a 4-manifold W, that is the 
regular covering space corresponding to the subgroup tti 

A„: iJ2(H/(");Z) x H2{W^"'>;1) ^ Z[tti{W)/tti{W)^"'>]. 

An {n)- Lagrangian is a submodule of H2{W^'^'^;'Z), on which A„ and /i„ vanish, 
which maps via the covering map onto a Lagrangian of Aq. 

We say that a knot K is {n)-solvahle if Mk bounds a topological spin 4-manifold 
W such that the inclusion induces an isomorphism on first homology and such that 
W admits two dual {n) -Lagrangians. In this setting, dual means that An pairs the 
two Lagrangians together non-singularly and their images freely generate H2 {W; Z). 

We say that K is (n.5) -solvable if in addition one of the (n)-Lagrangians is the 
image of an {n + 1)-Lagrangian. □ 

2. Uniting abelian and metabelian concordance obstructions 

In this section we give a summary of the main results of this monograph. We 
will focus on the (0.5), (1) and (1.5) levels of the filtration, corresponding ot the 
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abelian and metabelian quotients of the the fundamental group. The Cochran-Orr- 
Teichner obstructions to a knot being (1.5)-solvable depend for their definitions on 
the vanishing of the first order obstructions; that is, for each metabofiser of the 
Blanchfield form, we have a different obstruction. Our goal is to have an alge- 
braically defined second order algebraic concordance group, which obstructs (0.5)-, 
(1)- and (1.5)-solvability in a single stage definition. Rather than filter the condi- 
tion that zero-surgery bounds a 4-manifold whose intersection form is hyperbolic 
with respect to coefficients of increasing complexity, we filter the condition that 
the chain complex of the zero-surgery bounds an algebraic 4-manifold which is a 
Z-homology circle, with respect to coefficients of increasing complexity. 

Something similar, but with respect to the Casson-Gordon invariants, was at- 
tempted by GilmeiH in |Gil83| : his work was an inspiration for this work. Gilmer 
uses homology pairings, however, and his group is altogether different in character 
from ours. 

The knot exterior X is a manifold with boundary x S^. We can split x 
into X UsixS" '5^ x D^, cutting the longitude of the knot in two. We think of 
this as two trivial cobordisms of the circle. We use the symmetric chain complex of 
the universal cover of the knot exterior, considered as a chain complex cobordism 
from the chain complex of x to itself, as our fundamental object. A manifold 
triad is a manifold with boundary {X,dX) such that the boundary splits along a 
submanifold into two manifolds with boundary: 

dX^dXoUaxo^ dXi. 

In our case we have the manifold triad: 

X ^ X £)! 



X ^ X. 

We think of the fundamental object as a Z-homology chain complex cobordism from 
the chain complex of x to itself, which is a product along the boundary; the 
knot exterior has the homology of a circle and the inclusion of each of the boundary 
components induces an isomorphism on Z-homology. 

We now give an outline of the contents of each chapter. Broadly, Chapters [2] 
- m describe an algorithm to produce the symmetric Poincare triad associated to 
the knot exterior, starting with a diagram of a knot. Chapters [5] - fTOl then fit these 
objects into our group AC2, and relate AC2 to the Cochran-Orr-Teichner theory. 

Our geometric constructions are described in Chapter [2] We explain how to 
decompose a knot exterior into handles, algorithmically, based on a diagram of the 
knot. We have: 

Theorem 1.6 (Theorem I2.18p . Given a reduced diagram (Definition \2.7\ ) for a 
knot K : 51 S^, with c > 3 crossings, there is a handle decomposition of the 
knot exterior X which includes a regular neighbourhood of the boundary dX x / sa 
x X I as a sub- complex: 

c+2 c+3 2 

x = hlu\Jhlu\J h'^u\J hi 

i=l j=l k=l 



'Unfortunately [Fri03l page 43], there is a gap in Gilmer's proofs. 
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There are relatively few handles, so that the chain complexes which arise from 
the handle decompositions can be explicitly exhibited. In Chapter [3l we do this, 
and in doing so pass from geometry to algebra. In order to include the unknot we 
can cither make a reduced diagram for the unknot with 3 crossings, or can work 
out handle decompositions and chain complexes separately for this case, since it is 
relatively simple. The main theorem of Chapter |3] is: 

Theorem 1.7 (Theorem 13. 12[) . Suppose that we are given a knot K with exterior 
X , and a reduced knot diagram for K with c > 3 crossings. Denote by F(gi, . . . , gc) 
the free group on the letters gi, . . . , gc, and let I G F{gi, . . . , gc) be the word corre- 
sponding to a zero-framed longitude of K . Then there is a presentation 



7ri(^) = (5i,...,5c,/^, A|ri,...,rc,r^,rA,ra) 



with the Wirtinger relations ri,. . . ,rc G F{gi, . . . ,gc) read off from the knot dia- 
gram, and 



The generators fi and X correspond to the generators, and rg to the relation, for 
the fundamental group of the boundary torus Tri{S^ x S^) = Z © Z. The generator 
H is a meridian and X is a longitude. The relations and r\ are part of Tietze 
moves: they show the new generators to be consequences of the original generators. 

The handle chain complex of the n-cover X (the cover with deck group tt := 
TTi{X)/ S for some normal subgroup S < tti(X) ), with chain groups being based free 
left 'Z[Tr]-modules, and with the chain complex C{dX) of the T:i{X)-cover of dX as 
a sub-complex, is given, with the convention that matrices act on row vectors on 
the right, by: 



02 E[7r] = {hlhl) 

e,+3 n7T]^{hi...,hihi^,hi„hi) 
e,^^2 ^ {hi,..., hi, hi, hi) 

di 

Z[n] - {hi) 
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Wi 



Wc 



[drddgi) 

1 
{dl/dg,) 







1-A -1 

{dr^/dg,) 



\ 



[dredge) 

{dl/dgc) 






-1 


A- 1 1 -M y 






-1 



and 
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1 



gc-l ^J■ 

See Theorem \3.12\ for the full explanation of the d., 
complexes, 

/: C4dX;Z[7r])^C4X;Z[7r]), 
with the map f given by inclusion, expressing the manifold pair {X,dX). 

We therefore obtain, using this, from a knot diagram, a triad of chain com- 
plexes: 



1 



; . There is then a pair of chain 



CiS^ X 5";Z[7ri(X)]) 



a (51 X DI;Z[tti{X)]) 
f- 



C^S^ X Dl;Z[ni{X)] 



f+ 



■C4X;Z 



MX)])- 



In Chapter 21 we define and explain the extra structure, namely the symmetric 
structure, with which wc endow our chain complexes in order to be able to use 
Ranicki's theory of algebraic surgery. The symmetric structure is the chain level 
version of Poincare duality. We explain the vital relationship between the symmetric 
structure on the boundary and that on the interior of a manifold, and the further 
complications which arise when the boundary splits into two along a submanifold. 
Making use of formulae of Trotter |Tro62| . we obtain this structure for a knot 
exterior, and extract what we call the fundamental symmetric Poincare triad of a 
knot: 



X S°;Z[Tri{X)]),ip®-ip)' 



X Dl;Z[Tri{X)]),0) 



{C4S^ X Dl;Z[7:i{X)]),0) 



/+ 



f- 



(a(X;Z[7ri(X)]),$). 



In Chapter [51 we explain how to add knots together. The desire for the ability 
to perform addition is the reason for splitting the boundary into two. The con- 
nected sum of knots corresponds to gluing the two knot exteriors together along 
one X half of each of their boundaries. This operation translates very well 
into the algebraic gluing of chain complexes, so that we can define a monoid of chain 
complexes - see Chapter [6l for the use of the gluing construction to add together 
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symmetric Poincare triads. We first need to know how addition of knots translates 
onto the fundamental groups. 

Proposition 1.8 (Proposition Denote by c\{S^ \ N {K K"^)) the knot 

exterior for the connected sum :~ K'^K^ of two oriented knots. Let gi,gl be 
chosen generators in the fundamental groups 7ri(X;xo) and Tri{X^ ; Xq) respectively, 
generating preferred subgroups (gi) ^ Z < 7ri(X;a;o) and {g\) Z < Tri{X^;xQ). 

The knot group for a connected sum K K'' is given by the amalgamated free 
product of the knot groups of K and K\ with our chosen meridians identified: 

so that gi = g\. 

For the rest of Chapter[5l we study the quotient of knot groups 7ri(X)/7ri(X)'^^\ 
which it turns out has the structure of a semi-direct product Z x i7i(X;Z[Z]). 
This is the coefficient group over which we work in order to obtain (1.5)-level, or 
metabelian, obstructions. We prove: 

Proposition 1.9 (Proposition 15. 6p . Let (p be the quotient map 

n.jX) n,{X) 
^' ^i(X)(2) 7ri(X)(i) 

Then for each choice of homomorphism 



Z. 



ij}-. z 



MX) 



such that (j) o tp = Id, there is an isomorphism: 

n. MX) 



7ri(X)(2) 



where H :~ ifi(X;Z[Z]) is the Alexander module. In the notation of Proposition 
rOl and denoting H' := i/i(Xt;Z[Z]) and := Hi{Xi;Z[Z]), the behaviour of 
the second derived quotients under connected sum is given by: 

""^^^^^ -^z K i?* ^z K (iJeijt). 



7ri(Xt)(2) 

That is, we can take the direct sum of the Alexander modules. 

In Chapter [6] we define, in purely algebraic terms, a monoid V of chain com- 
plexes (Definition 16. 4p . Our monoid comprises triples 3^, ^), where H is Z[Z]- 
module which satisfies certain conditions which we call the conditions to be an 
Alexander Module (Theorcm l6.21 |Lev77j ). 3^ is a 3-dimensional symmetric Poincare 
triad over the group ring Z[Z k of the form: 

(C^S^ X S^;Z[Z tK H]),ip (B ~ip) {C^S^ x Dl;Z[Z k H]),0) 
i+ f- 
(C^S-i X D|;Z[Z K H]),0) 
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and S,: H ^ Hi{Z[Z] ®z[1kH] ^) is an isomorphisni. The Z[Z k iJ]-niodule chain 
complex Y represents, pedagogicaUy, the chain complex of the knot exterior; how- 
ever it need not be the chain complex of any manifold. We require that: 



H,{Y:Z) 



We call the existence of ^ the consistency condition. We consider two such triples 
{H,y,(,) and (if'^", 3^^", ^^") to be equivalent, corresponding to isotopy of knots, 
if there exists an isomorphism lj : H ^ H"^" and a chain equivalence of triads 
j : 7L\L K H"^°\ ®z[Zt<H\ y y"^" such that the following induced diagram commutes: 



H 



H 



% 



i/i(Z[Z] ®z[ZKif%] Y'^^) 



To add two elements {H,y,^), (Wy^S^^) of V we first tensor all chain com- 
plexes up over Z[Z k {H (B H^)], and then use the following diagram. 



X 



■C{S^ X D^) 



-,-t 



Y 



C{S^ X D^) 



4 



By taking the mapping cone Y'^ := '^((— /+, /l)"^), and using the algebraic gluing 
construction of Definition 14.151 we construct a new element of V. We have: 



Proposition 1.10 (Proposition l6.8( ). The set V with the addition yields an abelian 
monoid (7-*, tJ)- That is, the sum operation ^ on V is abelian, associative and has 
an identity, namely the fundamental symmetric Poincare triad of the unknot. Let 
"Knots " denote the abelian monoid of isotopy classes of locally flat knots in S'^ 
under the operation of connected sum. Then we have a homomorphism Knots — > V. 

Chapter [7] contains a survey of the work of Cochran-Orr-Teichner, which mo- 
tivates the definition in Chapter [8] of an algebraic notion of concordance of chain 
complexes. We have the following generalisation of Proposition II. 41 



Proposition 1.11 (Proposition 18. 1| ) . Two knots K and K'^ are topologically con- 
cordant if and only if the 3-manifold 

Z := X Ug^Y = 5ix5i 5*^ X S*^ X / U5ixSi=9Xt ^X'^ 

is the boundary of a topological ^-manifold W such that 

(i): the inclusion i: Z restricts to Z-homology equivalences 

H^{X;1) ^ H^iW^I) ^ H^iX^-Z)- and 
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(ii): the fundamental group niiW) is normally generated by a meridian of 
(either of) the knots. 

The algebraic definition is similar: sec FigurefTJ we say that two triples {H, y, ^) 
and ^ ,y\£,'') ai'C second order algebraically concordant if there exists a Z- homology 
chain complex cobordism (V, 6) between two symmetric pairs 

a(5^ X S^;Z[Z t<H])^Y 

and 

which is a product cobordism on the boundary. Since the Alexander module changes 
in a concordance of knots, we require the existence of a Z[Z]-module H' with a 
homomorphism uj: H ® — > H' . The algebraic cobordism V must be over the 
ring T,\L K H']. We tensor the two symmetric pairs with 7L\L k so that this 
makes sense. There is a similar consistency condition: we require that there is an 
isomorphism 

e': i?' = Hi(z[z] ®z[ZKH'] y) 

such that the following diagram commutes: 

® ^^i(Z[Z] y) © Hi(Z[Z] ®z[ZKfft] Y^) 

W = //i(Z[Z] ®z[z><H'] ^^). 

This guarantees that the correspondence between the group of the complex and the 
1-chains of the complex remains strong: we do not use the Blanchfield pairing, but 
we still need a mechanism to make sure we have the control that it exercises over the 
fundamental group, and representations of it, in the work of Cochran-Orr-Teichner 
(see Chapter [7]). We say that two knots are second order algebraically concordant 
if their triples are, and that a knot which is second order algebraically concordant 
to the unknot is second order algebraically slice or algebraically {1.5)-solvable. 

Taking the quotient of V by our algebraic concordance equivalence relation we 
finally arrive at the definition of our group AC2- The result of Chapter [8] is that 
there is a diagram: 

Knots V 



C ^AC2, 

where the top row consists of monoids and the bottom row consists of groups. The 
maps are therefore monoid homomorphisms, except for the map in the bottom row 
which is a group homomorphism. 

We proceed to show how our group AC2 relates to the Cochran-Orr-Teichner 
filtration and the Cochran-Orr-Tcichner obstruction theory. Roughly speaking, our 
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V 



C{S^ X 5°) 




Figure 1 . The cobordism which shows that y y'' . 



group Ues in between the two. First, Chapter [3] contains the proof of the foUowing 
theorem: 

Theorem 1.12 (Theorem 19. ip . A {l.b)- solvable knot is second order algebraically 
slice. 

The idea is that the assumptions satisfied by the symmetric chain complex 
associated to a (1.5)-solution, which is a 4-manifold W whose intersection form is 
hyperbohc, yield precisely the data needed to do algebraic surgery on the chain 
complex of W to make it into a Z-homology circle without affecting Hi{W\ Z[Z]). 
The resulting chain complex may not be the chain complex of any manifold, since 
the corresponding geometric surgeries will not in general be possible: if they were, 
the knot would be slice rather than just (1.5)-solvable. 

Our construction, the group AC2, is in some sense very clean. We avoid ref- 
erences to homology pairings and we avoid the use of the Ore localisation. We 
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also avoid the problems of universal coefficients which often require the ad-hoc in- 
troduction of principal ideal domains, and we obtain a group with a non-trivial 
homomorphism C AC2- the chain complexes behave well under connected sum. 
Traditionally, cobordism groups use disjoint union to define their addition opera- 
tion. Our operation of addition is superior because it mirrors much more closely 
the geometric operation of addition of knots. Most importantly, by defining our 
obstruction in terms of chain complexes, we have a single stage obstruction which 
captures the first two main stages of the Cochran-Orr-Teichner obstruction theory. 
In Chapter [TUl we have the following results. First: 

Proposition 1.13 (Proposition llO.lOj) . Th ere is a surjective homomorphism 

AC2 ACi, 

where ACi is the algebraic concordance group of Seifert forms. 

The key point is that a symmetric chain complex contains all the information 
necessary to algebraically define the Blanchficld form. This gives us the algebraic 
concordance group. When the image in ACi vanishes, we can then use the Blanch- 
field form to define the second order Cochran-Orr-Teichner obstructions. 

Depending on a choice of metaboliser for the Blanchfield form, the Cochran- 
Orr-Teichner obstructions map a knot to an element of the L-group L^(Qr,Qr — 
{0}) (see Definitions [730] and [TH]), where T := Z k Q(t)/(Q[t, i"^] is the Cochran- 
Orr-Teichner universally (l)-solvable group. For an element {H,y,^) S AC2, we 
define the chain complex N to be: 

the algebraic equivalent of the zero surgery Mk := X Ugixsi x D^; we perform 
the gluing so that the longitude bounds. For each p G H, there is a representations 
p: Z K if -^> r, which defines the tensor product (QF ®z[i.kH] N)p- We use the 
subscript to remind us that this depends on a choice of p. We prove: 

Theorem 1.14 (Theorem 110. 13p . Let {H,y,^) G AC2 be in the equivalence class 
of the fundamental symmetric Poincare triad (0, y''', Id{o}) of the unknot. Then 
there exists a metaboliser P = P^ of the rational Blanchfield form, such that for 
any p G P, using a representation p: Z x H ^ T which depends on ^, Bl and p, y 
produces: 

(Qr 8)z[zxff] N, 9)p, 

which represents: 

e L'*(QF,QF- {0}). 

We denote by (CC'7~(c/i.5), C^) the Cochran-Orr-Teichner pointed set, which 
captures the Cochran-Orr-Teichner obstruction theory: see Definition 17.131 We 
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then use Theorems 11.121 and II . 141 to extend our diagram to: 

Knots ^ V 



C ^AC2 



The homomorphism C — >■ AC2 factors through -7^(i.5) by Theorem 19.11 and we can 
extract the Cochran-Orr-Teichner obstructions from our algebraic group of chain 
complexes. As above, the maps starting in the top row are monoid homomor- 
phisms. The dotted arrows are maps of pointed sets. The maps emanating from 
the middle row are group homomorphisms. We would prefer that the homomor- 
phism C/J-"(i.5) — > AC2 were injective but this seems hard with present technology. 

Furthermore, we are able to use L'-^'-signatures to obstruct elements in AC2 
from being second order algebraically slice. We have a purely algebraic definition 
of a Von Neumann p-invariant. 

Definition 1.15 (Theorem [TUH|) . Wc say that an clement {H,y,() e AC2 with 
image e ACi is algebraically {l)-solvable if the following holds. There exists a 
metaboliscr 

for the rational Blanchficld form such that for any p G H satisfying ^(p) S P, we 
obtain an element: 

Qr (g>^z^H] N e ker(L4((Qr, QT - {0}) ^ L^iQT)), 

via a symmetric Poincarc pair over QT: 

{] ■■ (Qr ®z[z><H] N)p ^ Fp, (Op, Op)), 

with 

P = kerO, : i?i(Q[Z] ®z[z><h] N) ^ i7i(Q[Z] ®Qr Vp)), 
and such that: 

]* ■■ HiiQ ®z[ZKH] N) A HiiQ ®Qr Vp) 
is an isomorphism. We call each such [Vp, Qp) an algebraic {\)-solution. □ 

Definition 1.16. Let JC be the skew field which comes from the Ore localisation 
of Qr with respect to QF - {0} (Definition [731) . See |COT03( Section 5], or our 
section [7131 for the definition of the L'^^^ -signature homomorphism: 

: L"(/C) ^ M, 

which we use to detect non-trivial elements of the Witt group L^{1C) of non-singular 
Hermitian forms over /C. □ 



V 

^ COT(c/i.b)- 
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Theorem 1.17 (Theorem 110. ISp . Suppose that {H,y,^) 6 AC2 is algebraically 
{l)-solvable with algebraic {l)-solution {Vp,Qp). Then since: 

^eriL^QT, QT - {0}) ^ L^QT)) . . 

we can apply the L^'^'^ -signature homomorphism: 

to the intersection form: 

Xic : H2{IC (g>qr Vp) x H2{JC ®Qr Vp) JC. 
We can also calculate the signature o'(Aq) of the ordinary intersection form: 

Aq : H2(Q ®QV Vp) X i72(Q ®Qv Vp) Q, 

and so calculate the reduced L'''^^ -signature 

a(2)(yp) = ^(2)(A^)„^(AQ). 

This is independent, for fixed p, of changes in the choice of chain complex Vp . Pro- 
vided we check that the reduced L'^^^ -signature does not vanish, for each metaboliser 
P of the rational Blanchfield form with respect to which {H, y, ^) is algebraically 
{l)-solvable, and for each P, for at least one p € P \ {0}, then we have a chain- 
complex- Von-Neumann p-invariant obstruction. This obstructs the image of the 
element {H,y,^) in COT(^c/i.5) from being U, and therefore obstructs {H,y,^) 
from being second order algebraically slice. 

This shows that our group AC2 is highly non-trivial. Previous definitions of 
p-invariants invoke a 4-manifold in some way for the definition. 

Philosophically, when we talk about obstructions to topological knot concor- 
dance, we are really talking about algebraic obstructions to Z-homology chain com- 
plex cobordism. The more sophisticated the obstructions that we are dealing with, 
the more complicated must the coefficient ring be to which we are able to lift our 
Z-homology chain complex cobordism. As such, we outline, in Appendix [Xj a defi- 
nition of what we conjecture to be an nth order algebraic concordance group ACn, 
which, as we hope to show in future work, should extend the results of this present 
work to capture the whole of the Cochran-Orr-Teichner filtration. 
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CHAPTER 2 



A Handle Decomposition of a Knot Exterior 

In this chapter we shall explain how to obtain, in an algorithmic fashion, a 
concrete handle decomposition of the exterior Xk = X, of a knot K, given a 
diagram of the knot. This will be the starting point in geometry, from which we 
pass to algebra via the handle chain complex associated to our decomposition. 

The results of this chapter are not particularly novel. However, the details 
presented here are crucial for the rest of the construction, in chapters [3] and IH of 
an element of our group AC2- 

The boundary dX of a knot exterior X is the boundary of a neighbourhood 
X of the knot. Since in our applications we shall be using the chain complex 
level version of the Poincarc-Lcfschctz duality of X relative to dX, it is important 
that we have a handle decomposition which includes, as a sub-complex, a handle 
decomposition of the boundary. Moreover, in order to define a group, we have to be 
able to add the chain complexes of the knot exteriors together. We therefore split 
the boundary x into two copies of x D^, splitting the longitude in two, 
and consider the knot exterior as a cobordism from x to itself, relative to a 
product cobordism on x 5'". We call this cobordism the fundamental cobordism 
of a knot, since the chain complex of this cobordism, with the duality maps, will 
be the main algebraic object which we associate to a knot in order to obtain an 
element of our algebraic concordance group. 

The cylinder x is a trivial cobordism from the circle to itself. The 
knot exterior is a Z-homology cobordism from x to itself; it is an easy Mayer- 
Victoris argument to show that both of the inclusion induced maps H^,{S^ x Z?^; Z) 
^ H^,(X;1i) are isomorphisms; this is the definition of a Z-homology cobordism. 
Therefore X looks like a product cobordism to Z-homology. We will consider cov- 
ering spaces of X whose homology modules have more discerning coefficients. For 
these coefficients X does not typically have the homology of a product. Our ob- 
struction theory measures the obstruction to changing (by a homology cobordism) 
the chain complex of the fundamental cobordism of the knot to being the chain 
complex of a product cobordism. 

We begin by making explicit some standard notation. 

Definition 2.1. We denote L»" -.^ {x G R" | |a;| < 1}. In particular = [-1, 1]. 
We denote / := [0, 1], the unit interval. Although they are topologically the same, 
there are semantic differences. We shall principally use / when thickening a sub- 
manifold in the neighbourhood of a boundary. The notation Z)" and / shall be 
used to mean the respective interiors D" \ dD" w R" and (0, 1). □ 

Definition 2.2. We adopt the following conventions for certain common equiva- 
lence relations. For algebraic objects such as groups, rings and modules, we use the 
symbol = for abstract isomorphism; we use ^ when there is a choice of map which 
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induces the isomorphism; we use = when there is equahty but differing notation for 
the same object. We use ~ to denote homotopy equivalence of topological spaces 
or chain equivalence of chain complexes, and ~ denotes homeomorphism, while ^ 
denotes a particular choice of homeomorphism. □ 

Definition 2.3. A knot is an isotopy class of oriented locally flat embeddings 
K : ^ S^. Such an embedding is locally flat if it is locally homeomorphic to a 
ball-arc pair: that is, for all x € S^, there is a neighbourhood U of K{x), such that 
{U,U n KIS-^)) « {D^,D^). We often abuse notation and also refer to the image 
K{S^) as K. □ 

Remark 2.4. In particular a tame knot in the smooth or piecewise-linear cate- 
gories is locally flat. We do not make restrictions to the smooth or piecewise-linear 
categories in this work; our obstructions work at the level of the topological cat- 
egory. We therefore work with topological manifolds and locally flat embeddings 
when there is no comment otherwise. Our obstructions are not intended to detect 
the gap between smooth and topological concordance. 

Definition 2.5. A knot diagram for an oriented knot K is the image of the com- 
posite of a representative embedding in the isotopy class K : — !■ S^, with a 
projection p: S'"^\{cxd} « M'^ — > S*^. If necessary, we must cither isotope the knot 
slightly, or perturb p, so that p o K : ^ is an immersion with at most trans- 
verse double points. We make pictures in the plane to define knot^, and mark the 
diagram with the crossing points of the knot, the image of the double point set of 
p o K, using a small break in the line to indicate an under-crossing. We also mark 
the diagram with an arrow to indicate the orientation of the knot. □ 

Definition 2.6. We can associate a graph to a knot diagram in S*^ by putting a 
vertex at each crossing point. All the arcs of the diagram, between the crossings, 
become the edges of the graph, and the areas bounded by the edges are the regions. 
Note that the area outside the knot also counts as a region, sometimes called the 
unbounded region, since we are considering the diagram as part of S'^. (See Figure 
[H) □ 





Figure 1. A knot diagram for the figure eight knot, and its asso- 
ciated graph. The graph has 4 vertices, 8 edges, and 6 regions. 

Definition 2.7. A knot diagram is reduced if there does not exist a region in the 
associated graph which abuts itself at a vertex. At each vertex, four regions meet; in 



^The locally fiat condition ensures that space filling curves do not occur, so the images K{S^) 
and p o K{S^) can be isotoped away from the oo points of the respective spheres in which they 
lie, and nothing is lost by considering the diagram as the image of p: — > R^. 
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a reduced diagram, they must be four distinct regions. If a diagram is un-reduced, 
there is a move similar to a Reidemeister type I move with some possibly non-trivial 
part of the knot diagram on either side, which can be made. Take a closed curve 
inside the region which abuts itself, which starts and ends at the crossing. By the 
Jordan Curve Theorem this divides 5*^ into two discs, each containing a part of the 
knot diagram. To remove the offending crossing, lift one of the parts up to and 
rotate it by tt radians, before projecting down again. This constitutes an isotopy 
of the knot. Thus any knot has a reduced diagram. 

Figure [2] shows some un-reduced diagrams. Note that the region which abuts itself 
can be an inside region, or it can be the region "outside" the knot diagram. □ 





Y' 



Figure 2. Some examples of un-reduced diagrams. The labels 
X, X\ Y and Y' denote some other part of the knot diagrams. 

Definition 2.8. A reduced knot diagram with a non-zero number of crossings 
determines a quadrilateral decomposition of S*^ f [San06] ). It is the graph which 
is dual to the associated graph. This means putting a vertex in each region, and 
then joining a pair of vertices with an edge if the original regions were separated 
by an edge in the original graph. Each region in the dual graph then has a single 



Figure 3. Quadrilateral decomposition for our diagram of the 
figure eight. 

crossing in its interior, and as the original graph is four-valent, each region is a 
quadrilateral. 

□ 
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Remark 2.9. If wc want to include the unknot then we can make a reduced 
diagram of the unknot with at least 3 crossings e.g. simply change one of the 
crossings in a 3 crossing diagram for the trefoil. Alternatively, note that the exterior 
of the unknot is a solid torus x and one can then fathom simple handle 
decompositions for this manifold; this will be made explicit soon. 

Just as the quadrilateral decomposition fails for unreduced diagrams, it also 
fails for those which arc not connected; it does not generalise to split link diagrams. 

Definition 2.10. For a knot K : '-^ S^, the knot exterior is Xk ■= S^\N 
where N ^ x is a regular neighbourhood of the knot. Where there is only 
one (usually generic) knot being considered, this will be written just as X . □ 

Definition 2.11. We attach an r-handle = x D^^^ to a 3-manifold with 
boundary {M,dM) by gluing x D^^'' = dD'' x D^"'' C D"^ x D^-r- .^^ 

embedding 

The subset S""^^ x {0} C D'' x D^~^ is known as the attaching sphere, x {0} 
is the core, while {0} x D^^"^ is called the cocore, and {0} x S^~^~^ is the belt sphere. 
By convention, :— 0. 

By Morse theory, any manifold X can be constructed by iteratively attaching 
handles, yielding a handle decomposition of X. 

The k- skeleton X^'''> of a handle decomposition of X is the union of all the 
«-handles of the decomposition for alH < k. We shall principally be concerned with 
3-manifold decompositions, so the definition was given in this case, but handles 
which decompose n-manifolds are defined by replacing 3 with n in the definition 
above. 

We employ the standard techniques of rounding or smoothing the corners with- 
out further comment. □ 

Remark 2.12. In order to specify the attaching of an r-handle, it suffices to give 
the embedding of the attaching (r — l)-sphere in the boundary of X'^^~^\ and to 
give a framing for this embedding. In the case of 3-manifolds, the embeddings are 
of 0, 1, or 2 manifolds into surfaces, and so there is essentially only one choice of 
framing. 0- and 3- handles are copies of D^; a 1-handle is attached at two points, 
called its feet, and a 2-handle is attached along a circle. Figure H] shows a copy of 
each of these handles. 

Theorem 2.13. Given a reduced diagram for a knot K : ^ S'^ , with c > 3 
crossings, there is a handle decomposition of the knot exterior X ~ \ N : 

c c 

X = h°u\J hlu[j U /i^ 

i=l 3=1 

Proof. This is based on notes of Sanderson |San06j . Divide into an upper 
and lower hemisphere: « D^_ Us2 D\. Let the knot diagram be in , and 
arrange the knot itself to be close to its image in the diagram in S*^ but all con- 
tained in D^. Let be Attach 1-handles which start and end at the 0- handle 
and go over the knot, one for each edge of the quadrilateral decomposition of S"^ . 
The feet of each one handle should be at or near the vertices of the quadrilateral 
decomposition, which is a graph in S'^ , which are at either end of the corresponding 
edge. Figure shows a single crossing of the knot inside one region of the quadri- 
lateral decomposition, and the part of the boundary of D^_ ~ which lies inside 
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Figure 4. A standard r-handle for r = 0, 1, 2, 3. 



this region. According to some numbering of the crossings of the knot diagram (see 
Conventions I2.16P and therefore of the regions of the quadrilateral decomposition 
we call this crossing i. 




Figure 5. A close up of one region of the quadrilateral decomposition. 
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Figure m shows the attaching of the 1-handles adjacent to this crossing. It also 
shows the orientation of the over-strand and some labels which we associate to each 
of the 1-handles. 




Figure 6. Attaching the 1-handles. 



There are c regions and therefore 2c edges and currently 2c 1-handles. Now, 
for each crossing, attach a 2-handle which goes between the strands of the knot, so 
that the 1-handles which arc labelled hl_^ and hj^ from Figure [SI and this 2-handle, 
by handle cancellation, can be amalgamated into a single 1-handle. Look now at 
Figure [7] for an illustration. 

The outcome of this is that we half the number of 1-handles, so there arc now 
c in total. Figure [5] shows the final configuration on 1-handles at each crossing. 

The next step is to attach the 2-handles. For each crossing, and therefore region 
of the quadrilateral decomposition of S^, we glue a 2-handle on top of the knot, 
with boundary circle which goes around the 1-handles according to the boundary 
of the region of S^. Figure [9] shows the status of the handles thus far; however it 
only shows the core of the 2-handlc for clarity. 

Finally, after a 2-handle is attached over each crossing of the knot, we have c 
2-handlcs, and the upper boundary of the 2-skeleton is again homeomorphic to S^. 
This means that we can attach a 3-handle to fill in the rest of and so complete 
the handle decomposition of X as claimed. □ 

Proposition 2.14. Let xq ^ X be D'^ x {0}, the centre of the 0-handle. A presen- 
tation Jar the fundamental group of X is given by: 



ni{X,xo) = {gi,..,gc\ri,..,rc) 
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Figure 7. Combining two of the 1-handlcs. 




Figure 8. The 1-handles. 

where: 




9t, 9i39ii if crossing i is of sign + 1; 
9i2^ 9ii9ii9ti^ if crossing i is of sign - 1. 
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I = iir(S'^) near crossing i. D ^h- 

□ = boundary of /i". H = hj^ and h}^. 

— = attaching sphere x {0} of hf. 

Figure 9. The 2-handle attachment. 



A crossing of sign +1 is shown in Fiaure \TUl A crossing of sign —1 has the orienta- 
tion on the under-strand reversed. There is one more relation in this presentation 
than necessary. 

Proof. If we crush each of the thickening disks (the D^^"^) of the handles 
in our handle decomposition for X, each r- handle /i^ becomes an r-cell e^, and 
so we are left with a CW complex X' which is homotopy equivalent to X. The 
fundamental group of X only depends on the homotopy type, and it can be simply 
derived from X' . Each 1-cell e] corresponds to a generator gj for the knot group 
7ri(X), and each 2-ccll to a relation, in the Wirtinger presentation (see |BZ86j . 
[Fox62| ). We list the four 1-cells for which the composition of the attaching map 
of the 2-ccll with the cohapsc to a single 1-ccU, 0: dD'^ = ^ Vi=i S'^ ^ 'S'\ 
has non-zero degree i.e. the four 1-handles over which the attaching circle of the 
2-handle runs, in order, with an exponent ±1 according to the degree of 6. 

The 3-handle corresponds to a redundancy between the relations, which arises 
as all the 2-cells together make up a sphere, which is the boundary of the 3-cell (see 
Remark [37] and [Tro62j ). □ 

Remark 2.15. Although by making a diagram for the unknot with 3 or more 
crossings we can include it into the discussion thus far, it can be dealt with much 
more simply than this. We elucidate how for completeness and since this will 
be of use later. We note that the exterior of the unknot U is homeomorphic to 
D"^ X S^. The decomposition k, x Usixsi D'^ x is sometimes called the 
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Clifford decomposition of S^. As we are about to do for any knot, we give a handle 
decomposition which contains the boundary torus S*^ x 5^ x / as a sub-complex; it 
includes a collar neighbourhood since all our handles must be 3-dimensional. There 
is one 0-handle, hg. Attached to this are two 1-handles, hj^ and h\, the meridian and 
longitude 1-handles respectively, with corresponding generators of the fundamental 
group /i and A. Wc then glue a 2-handle hg to this using the word XfiX~^ fi~^ . 

Wc then fill in the exterior of our torus to make a solid torus x S^. To begin, 
we attach another 2-handle whose boundary is the longitude. We then fill in 
the remaining exterior, which is now a 3-ball, with a 3- handle h^. The 3-handle 
attaches to either side of h^, and to the inside of hg. This completes our handle 
decomposition of x = Xu. The fundamental group of a solid torus is of 
course 

7riiXu)^MS' X D'') ^ = Z. 

Conventions 2.16. It is worthwhile at this point to establish our numbering and 
orientation conventions. First, we describe how to number the crossings of the knot, 
and hence both the regions of the quadrilateral decompositions, and the 2-handles, 
in a coherent way. Call the crossing in the infinite region number 1. Then, starting 
at this crossing, we go along the over crossing strand and follow around the knot, 
according to its orientation. We enumerate each crossing as we come to it along 
an over strand. 

At a crossing i of positive sign we label the 1-handles which go over its strands, 
and the corresponding generators of Tri{X), as shown in Figure [101 That is, the 
over-strand has handles h]^ and hj^ , the former being the furthest along the knot 
with respect to the orientation. The handle over the under strand is labelled hl_^ ; 
recall that we used handle cancellation in order to have only one 1-handle here. The 
same convention for naming the 1-handles is used if the orientation on the under 
strand of the knot is reversed, and the crossing is a negative one. 
^2 = ^^'^ '^3 = ^i3- After that, all other naming of 1-handles is arbitrary. 

Wc use the notation gi when wc arc referring to the group clement in tti (X) 
or in the free group F(gi, . . . , gc) for which the core of the handle (and some paths 
from the basepoint to its feet) is a representative. We reserve the notation hj for 
when we are referring to the "physical" handle. 

We orient each of the 1-handles according to the right-hand thumb rule: one 
puts the thumb of one's right hand along the knot in line with its orientation and 
one's fingers then indicate the direction of the orientation to be put on the 1- 
handlc which goes over the knot there. This ensures that each 1-handle has linking 
number -|-1 with the knoiH. The 2-handles are oriented in an anti-clockwise manner, 
looking down on them from within the 3-handle. Note that in the knot diagram 
quadrilateral decomposition the 2-handles are oriented in an anti-clockwise manner 
as we look at them, except that the 2-handle over the infinite region appears to 
be oriented in a clockwise manner, since it is in fact the rest of 5*^. When listing 
relations in the knot group, as the boundary of a 2-handle, we always list gi^ first. 

□ 



■^Unless two or more of the 1-handles hi ,h} , or h] turn out to be the same due to the 

ii' I2' I3 

handle cancellation of the 2-handles which go through the crossings. 

■^Technically in order to define linking number we have to talk about the 1-cell which is 
created when the handles are contracted to cells as in the derivation of iti{X). 
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Figure 10. A crossing of positive sign and the labelling of the 
fundamental group generators associated to it. 



We now extend our decomposition so as to include the boundary of X. 

Remark 2.17. The handle decomposition of Theorem 12.131 depends only on the 
fundamental group of X (and a presentation of the group). Indeed, since a knot 
exterior is an Eilenberg-Maclane space K{'k, 1) (see Rcmark [3.7l for an explanation of 
this), the homotopy type of X only depends on the knot group. As explained in the 
introduction we need more information than this, which we now illustrate. Recall 
(see |Fox62| ) that the reef and granny knots have isomorphic groups. However the 
reef knot is the trefoil connect summed with the reverse of its obverse, and so is 
slice. The granny knot is the trefoil summed with itself, so has signature 4 and is 
not slice; the two knots are not concordant. We must have boundary information 
in order to define concordance invariants; it is the inclusion of the boundary which 
differentiates between the reef and granny knots. In order to have this information 
algebraically in the chain complex of the fundamental cobordism of a knot, we must 
first include the boundary in our handle decomposition. 

Theorem 2.18. Given a reduced diagram for a knot K : ^ , with c > 3 
crossings, there is a handle decomposition of the knot exterior X = \ N which 
includes a regular neighbourhood of the boundary dX x I ^ x x I as a sub- 
complex: 

c+2 c+3 2 

x^hlu[jhlu\J h'^u[J hi 

i=l j=l k=l 

Proof. Wc begin by renaming the 0- and 3-handles which are already in our 
decomposition of A" as /i" = ft," := /i" and ^ hf -.^ h^, where the o stands for 
original. 

The idea of the construction is to begin by including a decomposition of the 
boundary torus with collar neighbourhood x x I Ri dX x I: we use the 
decomposition of the torus described above in Remark 12.151 

We define h^ h^, /i^ /ic+i, h\ := /ij_,_2 and hg := ft^+i. 
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We then must connect the boundary to the rest of X. We do this by adding, for 
each n- handle of dX , an {n + l)-handle of X. In this way we reahse the inclusion 
of the boundary as a sequence of elementary handle additions: a simple homotopy 
equivalence. Equivalcntly, we are taking the mapping cylinder of the inclusion map 
f-.S^y.S^'^S^y.S^y.lK.dXx.I^X. 

To begin, we add a connecting 1-handlc for the 0-handle which connects 
it to /Iq, oriented so as to point from /i° to /ig. Wc call this hg. We then need to 
connect each of the 1-handles in the boundary to the 1-handles already there. To 
do this, first pick a 1-handle: we choose h\ for no special reason. This is a meridian 
so we add a 2-handle, which we call /ig^ = h'^J^2^ with an attaching map which 
starts at h^Q, goes around /i^ against its orientation, along Kq, around h\ with its 
orientation, and then back along h^. 

Next, we need to see how the longitude lives in our handle decomposition. Look 
again at Figure [9l and imagine the longitude as a curve following the knot, just 
underneath it. 

Definition 2.19. To crossing j of an oriented knot diagram we associate a sign 
Ej G { — 1, +1}, which is +1 if the crossing is as shown in Figure [TUl and —1 if the 
orientation on the under-strand is reversed. The writhe of the diagram, Wr, is 



□ 



Since the writhe of the diagram is potentially non-zero, in order to have the zero- 
framed longitude, we take it to wind (— Wr) times around the knot, underneath 
the tunnel created by the 1-handle h\. Then, deforming the longitude directly 
downwards, that is towards the 0-handle hP^, everywhere apart from underneath 
h\, wc can see that at the over-strand of crossing j, the longitude follows the 1- 
handle h\_^ respecting the orientation if £j — 1 and opposite to the orientation if 
£j = —1. As it follows under-strands we deform it to the 0-handle, so these have 
no contribution to the longitude. However, within the tunnel underneath h\, we 
instead deform the longitude outwards to see that it follows /ij, (— Wr) times. A 
word for the longitude, as an element of tti (X), in terms of the Wirtinger generators, 
is: 

where k is the number of the crossing reached first as an over crossing, when starting 
on the under crossing strand of the knot which lies in region 1; the indices k,k + 
1, . . . , fc + c — 1 are to be taken mod c, with the exception that we prefer the 
notation c for the equivalence class of e Zc. This happily coincides with |BZ86| 
Remark 3.13]. 

This now enables us to attach the longitude 1-handle of the boundary to the 
rest of the 1-handles. We use a 2-handle h^^ ~ which has an attaching map 
which starts at /ig, traverses hg and then follows the 1-handles according to the 
letters in the word I. It then traverses hg, before finally following along h\ against 
its orientation. 

Finally we include a 3-handle into the gap remaining, in order to relate hg to 
the 2-handles already in X, which we call kg = h2- It attaches to hg, and to both 
hg^ and hg^ on the top and the bottom. It also attaches to the underneath of the 
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2-handles hf,, ..,h'^_^_^_^, again with the same convention on the indices, so as to 
connect these handles to the boundary 2-handle. 

To finish we remark that we can, to reduce the number of handles, cancel 
the 1-handle hg with the 0- handle h'^, amalgamating hg,hg and /i° into a single 
0-handle, which we still call hg to emphasise that it is also the 0-handle of the 
boundary sub-complex. 

This completes our description of the additional handles required to include 
the boundary as a sub-complex. □ 

Definition 2.20. Wc denote by Mk the zcro-surgcry on the knot; by which we 
mean the manifold obtained from by 0-framcd surgery along the knot K : ^ 

Mk :=XUsixsi x S\ 
where the gluing is done so that the longitude bounds. □ 

Remark 2.21. If a knot if is a slice knot then if W is the exterior of a slice disk 

A^ 

then the boundary of W is the zero-surgery M^:- The zero-surgery has the useful 
property that it is a closed manifold, and so has Poincarc duality without having 
to factor out the boundary. In many applications this makes it simpler to work 
with than the knot exterior. We can construct a handle decomposition for the 
zero-surgery by adding just two handles to our decomposition for X, to make a 
handle decomposition of the solid torus x S^. We may as well go back to the 
original decomposition of Theorem l2.13l since the boundary and connected handles 
of Theorem 12 . 1 81 will now be superfluous. The first is a 2-handle, h^, where the s 
stands for surgery, which has as its attaching map the longitude of the knot, much 
like the attachment of the 2-handle hg^ in Theorem l2.18l The rest of the solid torus 
is a 3-ball, so we attach a 3- handle to fill it in, to either side of the 2-handle h^, 
and to the underside of each of the 2-handles of X, much like the attachment of 
the 3-handle hi in Theorem [2T8l 

Finally in this chapter, we describe the handle decomposition of a torus x 
split into two, as the union of two copies of x along their common boundary 
51 X 5". 

There are two 0-handles, h^ and /i° . Attached to each of these is a 1-handle, 
h^ and which form the boundaries of the two cylinders, a copy of x 5°. We 
then join the two circles with the longitudinal 1-handles, /i^ and hi, before filling 
in the holes to complete the torus with 2-handles /i^ and h^. 

We shall make use of this as we use these handle decompositions to yield chain 
complexes. Considering the boundary split in this manner allows us to consider 
the knot exterior as the fundamental cobordism of the knot, as described in the 
introduction to this chapter. 




Figure 11. A handle decomposition of the torus with a sphtting 
into two cyhnders. 



CHAPTER 3 



A Chain Complex of the Universal Cover of a 

Knot Exterior 

In this chapter we make the transfer from geometry to algebra: using our handle 
decomposition of a knot exterior, we derive a chain complex of its universal cover, 
and thence of any covering space. 

The constructions are given in some detail. The reader interested in the sym- 
metric structure, whose application to low dimensional knot theory is perhaps less 
common, may wish to skip to chapter |4l 

Let 5* < t:i{X) be a normal subgroup of the fundamental group of X, and let 
X be the regular covering space associated to it, so that tti{X) ^ S, and the deck 
transformations of the covering space are tt := tti{X)/S. We refer to X as the 
TT- covering of X . We will be interested primarily in the cases where S is an element 
of the derived series, which is given by taking iterated commutator subgroups, of 
TTi{X). If we work initially with the universal covering space, then when situations 
demand we can go to simpler covering spaces at will; by taking account of the whole 
fundamental group we do not lose any information at this crucial initial stage of 
converting the geometry into algebra. One of the broad goals of this work is to 
support the philosophy that the chain complex of the universal cover of the knot 
exterior is a universal invariant for topological concordance. 

Definition 3.1. The handle chain complex of a 7r-covering space X of an n- 
manifold X with a handle decomposition has as chain groups Ci{X) the free left 
Z[7r]-modules generated on the i-handles, since there is one lift of each handle for 
each element of tt. The boundary maps di+i : Ci+i{X) — > Ci{X) are given by the 
twisted 'ZItt] -incidence numbers {h^j^^ \ ft-I.)z[7r] (defined below): 

k 

where /i* is a chosen lift of /i* . The boundary maps need only be defined on such 
elements, and the Z[7r]-module structure determines the rest. 

The Z-incidence numbers (/i*^^ | h^) are the algebraic intersection numbers of 
the attaching sphere S' x {0} of with the beh sphere {0} x S*"-*-! of hi. These 
spheres both live with complementary dimensions in the (n — l)-manifold which is 
the boundary of X^^\ and so their intersection can be made transverse, and hence 
a finite number of points with signs, which can then be counted algebraically. 

Conventions 3.2. In order to be able to attribute signs to intersection points, we 
need to fix our orientation conventions. To put an orientation on the boundary of 
X^^^ as a basis for comparison, we pick an outward pointing normal vector to dX'--'^^ 
and list this first, followed by a basis of n— 1 tangent vectors to . We choose the 
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orientation on c^X^*-* in such a way that the orientation of these n tangent vectors 
to X agrees with our fixed standard orientation of X. Our handles are oriented as 
subsets of X. Wc described in Convcntions l2.16] how to orient the cores £)' x {0} of 
each of our handles. Given the fixed orientation on X , this fixes an orientation on 
the cocorcs {0} x _D"^'. The attaching and belt spheres inherit orientations from 
the cores and cocores respectively, again using the outward-pointing-normal-first 
convention. For i = n — 1 the belt spheres arc copies of S*", while for i 1 the 
attaching spheres are copies of S'^. In these cases, rather than giving an ordering 
of a basis for the tangent space, which is hard to accomplish for a 0-dimensional 
vector space, we give each point of S*" = {—1,-1-1} a sign in the obvious way: it 
inherits this from the orientation of = [—1, 1] of which it is a boundary. 

For simplicity we can assume we are working with smooth manifolds, in order 
to define tangent spaces and use transversality here. However we know that these 
constructions can be carried out with considerably more effort for topological man- 
ifolds too: see |Mil64| . We therefore do not actually have to restrict categories 
here. 

In the case where tt is non-trivial, each intersection point of the attaching and 
belt spheres has not only a sign, but also an element of tti{X) associated to it, and 
hence the incidence number lives in Z[7r]. We have to record whether, when lifted, 
the intersection is between /i^"*"^ and /i^ or if in fact the intersection is with some 
other lift, or 7r-translate, of h\. 

A threaded handle ( |Sco05| . 1.7) is a handle of an n- manifold X together 
with a path : [0, 1] — >• X from the base point xq of X to the centre {0} x {0} S 
jji ^ A handle h], is contractible, so for an intersection point p there is a 

unique homotopy class of paths ['jlp], from the centre of h}^ to p. We can then form 
a loop associated to an intersection point of two threaded handles h^^^^ and h\.: 

where the bar means that we take the reverse of the path. This represents a 
homotopy class in 7ri(X, xq), giving us an element [c^j^^ *p cy e tt. We define 

p 

taking the sum over all intersections of the attaching and belt spheres of the two 
handles in X; the sign is from matching orientations, just as with the Z-incidence 
numbers. □ 

An element of ■ki{X) is represented by a word w in the free group on 
gi, . . . , gc- This in turn determines a path in dX^^\ which in the case w ~ r.i is a 
lift of the attaching sphere of h^. The free differential calculus (Definition 13. 3p . due 
to Fox f [Fox62| ). is a formalism that tells us which chain this path is in Ci(X). In 
particular, it will be used to derive the boundary map 82 in our chain complex: 



Definition 3.3. The free derivative of a word w in a free group F with respect 
to a generator gi is a map ^ : F Z[F] defined inductively, using the following 
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rules: 

9(1) p dgi ^ d{uv) du ^ dv 
dgj ' dgj dgj dg, dgf 

Extending this using linearity makes the free derivative into an endoniorphism of 
the group ring □ 

Conventions 3.4. We consider the handle chain groups as based free left Z[7r]- 
modules in order to define our conventions: the chain groups inherit a particular 
choice of basis from our geometric constructions. For some basis element, /i*, and for 
5j 51i 32 G TT, we define gh^ to be the lift of the handle ft-* arrived at by translating ft' 
along g. In particular, note that this means that we define gig2h^ to be the lift of the 
handle ft.* arrived at by translating ft' first along gi, and then along g2. We define 
module homomorphisms only on the basis elements of a free module, and use the left 
Z[7r] module structure to define the map on the whole module. This has the effect, in 
the non-commutative setting, that when we want to formally represent elements of 
our based free modules as vectors with entries in Z[7r] detailing the coefficients, then 
the vectors are written as row vectors, and the matrices representing a map must be 
multiplied on the right. This is because the order of multiplication of two matrices 
should be preserved when multiplying elements to calculate the coefficients. 

In later chapters, when considering matrices of homomorphisms which compose 
on the left in the usual way, acting on direct sums of modules which themselves 
may or may not be free modules, we retain the usual convention of column vectors 
and matrices acting on the left. □ 

Theorem 3.5. Suppose that we are given a knot K with exterior X , and a reduced 
knot diagram for K with c > 3 crossings. Then there is a presentation 

^ {gi,.--,gc\ri,...,rc) 
with the Wirtinger relations ri, . . . , Tc G F{gi, . . . , gc) read off from the knot di- 
agram. The handle chain complex of the tt -cover X (the cover with deck group 
n := TTi{X)/S for some normal subgroup S < '''i(^) A with chain groups being free 
left 1\TT]-modules is given by: 

% Z[7r] % Z[7r] Wg^-i)---'^(g--i))", ^[^] 

c c 

The ring homomorphism $: Z[i^] — S- Z[7r] is defined by linearly extending the ho- 
momorphism (j): F ^ n. To determine the words Wi which arise in dz, consider the 
quadrilateral decomposition of the knot diagram fDefinition \2.8\) . At each crossing 
i, we have a distinguished edge which we always list first in the relation, gi^ . Choose 
the vertex, call it Vi, which is at the end of gi^. For crossing i, choose a path in the 
1-skeleton of the quadrilateral decomposition from Vi to Vi. This yields a word Wi 
in gi,. . . ,gc. Then the component of d{h^) along ftf is 



Proof. Follow Definitions 13.11 and 13.31 We therefore have to thread the han- 
dles. Let xq be the centre of the 0-handle. We define the paths c' using the 
Conventions 12.161 For 1-handles, go from xo to the foot at which it starts, with 
respect to the orientation of the 1-handle, then along its core to its centre. For a 
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2-handle hf, we have a vertex Vi on the quadrilateral decomposition at which the 
word Ti which represents the boundary starts. Take for cf a path from xq to this 
vertex on dh'^, then follow from there to the centre of the 2-handle. For , go from 
xo to vi, and from there up to the centre of the 3-handle. □ 

Remark 3.6. The fundamental formula of Fox for his derivative (see |Fox53| ) says 
that for a word w G F{gi, . . . ,gc) wc have 

E'' dw , 
... ^'"■"''^ 

Suppose that a word w — wgj, for some w and some j. Then 

wgj = w{gj -l)+w. 

Similarly if w = wg~^ then 

wg~^ = -wgj'^igj -l) + w. 

Working inductively on the length of w, at each letter gj or g~^ of w one factors 
out gj — 1 as above. The formula then follows using the inductive definition of the 
Fox derivative. In the case that w G kevcf), the fundamental formula verifies that 
82° di = 0. 

Remark 3.7. For the universal cover, the only map of the chain complex which 
has non-zero kernel is 82- This kernel is generated by the sum of all the 2-handles 
over the top of the knot, i.e. (j){wi)h'^. However this is of course precisely the 
boundary of h^, and so, after augmenting the chain complex with Co(X) — > Z, 
we have an acyclic complex. This is just the fact that X is an Eilenberg-Maclane 
space; the only opportunity for 7r2(X) to be non-trivial is through 2-spheres which 
encompass the knot: by the Sphere theorem of Papakyriakopoulos |Pap57| , a non- 
zero class in tt2{X) can be represented by an embedded S'^; the Schonflies theorem 
means that this sphere must encompass the knot on one side, and a 3-handle on 
the other side, and therefore is in fact nuU-homotopic. Once tt2{X) is seen to be 
zero, the rest of the homotopy groups TTj{X) for j > 3 also vanish by the Hurewicz 
theorem applied to the universal cover X, since Hj{X; Z) = for j > 3, and since 
TTj{X) = TTj{X) for j > 2. 

The fact that the knot exterior is an Eilenberg-MacLane space is borne out 
in the way that the chain map ^3 can be expressed purely from knowledge of the 
fundamental group. Given a presentation for the knot group of deficiency zero, one 
of the relations will be a consequence of all the others. This is of course due to the 
fact that the sum of certain lifts of the 2-handles form a cycle in C2{X). 

Definition 3.8. Let ( 51, .., | ''i, • ■ • , ^^c } be a presentation of a group and let F = 
F{gi, . . . ,ga) be the free group on the generators gi. Following Trotter |Tro62| . let 
P be the free group on letters pi, .., pc, and let ip : P*F ^ F he the homomorphism 
such that tp{pi) = Ti and 'ipigj) = gj- An identity 0/ the presentation is a word in 
ker(?/j) < P * F of the form: 

c 

(1) ' = X{^i^f^>j^ 

k=l 

where e^^ = ±1. □ 
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Figure 1 . An oriented diagram of a trefoil with labelled quadri- 
lateral decomposition. 

The Wi here in our case coincide with the Wi from Thcorcm l3.5l Here, however, 
the word chosen matters, or in other words the path in the 1-skeleton of the quadri- 
lateral decomposition matters, rather than just the clement of t:i{X) represented, 
i.e. the end point of the path. 

Example 3.9. Figure [T] shows a reduced diagram of a trefoil, with quadrilateral 
decomposition. The knot is oriented, as shown by the arrows, and the edges of 
the quadrilateral decomposition have been correspondingly oriented, so that they 
have linking number 1 with the knot. The edges and the regions have been labelled 
according to the conventions laid out in 12.161 Each region has a specific vertex, 
labelled vi , V2 and , as described in the statement of Theorem 13.51 

We apply the construction of the handle decomposition associated to this dia- 
gram as in Theorem l2.13l A presentation for the fundamental group of the exterior, 
X, of the knot, can be read off from the diagram, by looking at the boundaries of 
the regions: 

TTi{X,xo) = ( .91,^2,33 I ''1 = 92^919391 ^^^2 = 9i^ 939293 ^ ^'^3 = 9z^929i92^ ) 

where the basepoint xq is the centre x {0} of the 0-handle. 

By finding paths in the quadrilateral decomposition we can find words which 
give the boundary of the 3-handle. Note that it is allowed here to take a different 
vertex of the diagram for our base vertex; this corresponds to choosing a different 
lift of as our chosen lift . In this example we take the central vertex, just 
because it gives a more symmetrical answer, and then read off the boundary map: 

dz{h^) = {wi,W2,wz) = {92,91,93)- 

The reader can check that si = 9ir29i^ 92^192^ 9zr3g^^ is an identity of the pre- 
sentation; that is, when ri,r2, and ra are substituted, si = 1 £ F{gi, g2, 93). We 
can therefore take the free derivatives of the relations in order to find 82, and so 
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give the handle chain complex of the universal cover of the trefoil exterior, with 

TT := TTi{X), as: 



(32,31,33) 



(31-1,32-1,3,3-1)^ 



where 



52 ^ - 1 -92 ^ 92 ^9l 
9T^93 9i^ - 1 



93 ^92 53 ^ - 1 -.93 ^ 



The reader may check that the composite maps arc zero here. 

We now describe the chain complex of the boundary torus, its attachment to 
X , and the expression of this as the chain complex of a cobordism. Our strategy 
is as follows. We begin by describing the chain complex of the torus and then 
attach it to the rest of C(X;'Z[7Ti{X)]) using the attaching handles as in Theorem 
12.181 Next, recall that we split the torus into two halves, each a copy of x D^, 
glued together along 5*^ x 5*° using two inclusions i±: x S° ^ x D].. We 
consider the pull-back 7ri(X)-covers of these spaces (Definition l3.10p . and describe 
their chain complexes of finitely-generated free Z[7ri(X)]-modules. These can then 
be mapped via the induced maps of the inclusions f±: x D}j_ ^ dX ^ X into 
the chain complex of universal cover of the knot exterior, to form the triad: 

a{S^ X 5";Z[7ri(X)])^-^a(5i X Dl;Z[Tri{X)]) 



a X Dl;Z[7Ti{X)]) 



■C,{X;Z. 



MX)]), 



the algebraic version of a cobordism relative to the identity cobordism of the bound- 
ary X to itself. The compositions f-oi- and /+ oi^ will typically not coincide 



on the chain level so we will also have a chain homotopy g: /_ o i_ 
part of the algebraic data which enables us to write the chain map 



7?: '^{{i.,i+)^) ~ C4S^ X S^;Z[Tri{X)]) - 

which is the algebraic version of the pair {X,dX). 
algebraic mapping cone construction 



■C4X;Z[7ri(X)]) 
See Definition 13.161 for the 



Definition 3.10. Let p: X ^ X he a, covering space with deck transformation 
group G; we call this the G-cover of X. Given a space Y and a map g: Y ^ X we 
define the pull-back G-cover ofY, Yq, to be induced from the diagram: 




Yg ■.^{{y,x)&Y xX\g{y)^p{x)]. 
This construction can yield both irregular and disconnected covering spaces, since 



there is no requirement that G be a normal subgroup of 7ri(y). 



□ 
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Proposition 3.11. The chain complex for the TTi{X)-cover of the torus x ~ 
dX is given below, where the image in tti(X) of the generators of T:i(dX) are fi 
and A, a meridian and longitude of the knot respectively: 

_( M - 1 

nMx)] — ^ z[Mx)] — ^ ^ nMx)] 

2 

Proof. This corresponds to the standard handle decomposition for the torus 
described in Remark 12.151 We have to thread the handles. Each threading begins 
at the basepoint xq G X at the centre of kg; recall that we amalgamated the 0- 
handles of X into one 0-handle. The 1-handles hj^ and h\ are threaded by following 
their cores, agreeing with their orientations, until reaching their centres. The 2- 
handle kg is threaded by following along the threading for h\ before leaving in 
the direction of the orientation of /i^ and heading straight to the centre of hg. 
The boundary maps claimed then follow by considering the concatenation of paths 
described in Definition 13.11 Alternatively we can see, where rg = A/iA^^^t~^, that 
82 = {drg/dfi,drg/dX) (see Definition 13. 3|) . □ 



As promised, we now include the chain complex of the 7ri(A")-cover of the 
boundary into the chain complex of the universal cover of X. We therefore need 
to describe the chain complex C{X; Z[tti{X)]) with the additional summands gen- 
erated by the additional handles which make up the boundary and the attaching 
handles for the boundary. The following theorem is an extension of Theorem 13.51 
but rather than just stating the new assertions we state it in full so that the full 
result is given in one location. As before we work at the level of the universal cover, 
presenting our results in this generality so that we can work at the level of any 
smaller covering space we require. 

Theorem 3.12. Suppose that we are given a knot K with exterior X , and a reduced 
knot diagram for K with c > 3 crossings. Denote by F{gi, . . . , g^) the free group on 
the letters gi, . . . , gc, and let I G F{gi, . . . , gc) be the word for the longitude defined 
in the proof of Theorem \2.18\ Then there is a presentation 

T^iiX) = {gi, . . . , gc, f^A\ri, . . . ,rc,r^,rx,rg) 

with the Wirtinger relations ri, . . . ,rc G F{gi, . . . ,gc) read off from the knot dia- 
gram, and 

r^ = gi^J,~^; rx = l\^^; rg = A/.tA"V"^- 

The generators fi and A correspond to the generators, and rg to the relation, for 
the fundamental group of the boundary torus 7ri(S'^ x S^) = Z ® Z. The generator 
fi is a meridian and X is a longitude. The relations r^ and rx are part of Tietze 
moves: they show the new generators to be consequences of the original generators. 

The handle chain complex of the n-cover X , that is the cover with deck group 
TT := TTi{X)/S for some normal subgroup S ^t:i{X), with chain groups being based 
free left TJ^^Ymodules, and with the chain complex C{dX) of the 'ni{X)-cover of 
dX as a sub-complex, is given, recalling the convention of \3.Ji\ that matrices act on 
row vectors on the right, by: 
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whe 



02 Z[7T]^{hlhl) 

e,+3 Z[7r]^{hl...,hlhl^,hl,,hl) 



Z\n] = {hl...,hlhl,,h 

di 

Z[n] = {hi) 



Wc 
—Uc 1 — A fJ- — I —1 J ' 



{dvc/dgi) 
1 

(di/dgi) 





{dn/dg,) \ 



(drc/dgc) 

(dl/dgc) 





-1 

-1 

A - 1 1 - M y 



di 



91 



1 



1 



1 A - 1 



The word I for the longitude was defined in the proof of Theorem \2.18[ We have: 



; — Wr €f. £k-\-l 



• 9{k+C 



-l)l 



where k is the number of the crossing reached first as an over crossing, when starting 
on the under crossing strand of the knot which lies in region 1; the indices k,k + 
1, . . . , fc + c— 1 are to be taken mod c, with the exception that we prefer the notation 
c for the equivalence class of G Zc . The sign of crossing j is Ej and Wr is the 
writhe of the diagram, which is the sum of the £j . The u^+i are given by gl~^'^ 
followed by the next i + 1 letters in the word for the longitude: 



Uk+i 



9i 



•y(fc+i)r 



To determine the words Wi which arise in 83, consider the quadrilateral de- 
composition of the knot diagram (Definition \2.^) . At each crossing i, we have a 
distinguished edge which we always list first in the relation, gi^ . Choose the vertex, 
call it Vi, which is at the end of gt^- For crossing i, choose a path in the 1-skeleton 
of the quadrilateral decomposition from vi to Vi. This yields a word Wi in gi, . . . , gc- 
Then the component of d{h'^) along hf is Wi. 

As written, each component of the boundary matrices is an element of the group 
ring on the free group Z[F{gi, . . . ,gc,fJ.,X)]. We therefore act on each element by 
the homomorphism 

$: Z[F{g^,...,g,,^i,\)]^'L[^] 
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defined by linearly extending the group homomorphism (j): F{gi, . . . , gc, fi, X) — > tt. 
There is then a pair of chain complexes, 



with the map f given by inclusion, expressing the manifold pair {X,dX). 

Proof. The new presentation for the fundamental group of X reflects the new 
handles which have been added. There arc two new generators and two new re- 
lations which express the new generators as consequences of the old generators. 
The extra relation rg is already a consequence of the Wirtinger relations, since the 
meridian and the longitude already commute in a knot exterior, entirely indepen- 
dently of a presentation chosen for t:i{X). The reason for its inclusion is that we 
shall require, in the next chapter, that a presentation for the fundamental group of 
the boundary sits inside our presentation for the group of the whole manifold. 

In order to see that the boundary maps are as claimed we need to describe the 
threadings. These have already been described for the interior handles in the proof 
of Theorem 13. 51 and for the boundary handles in the proof of Proposition 13. Ill We 
therefore only need to describe the threadings for handles which arc the attaching 
handles for our boundary handles, namely for Hq^, h'^^, and Recall that we are 
taking the basepoint G X to be the centre of the 0-handle /ig. 

To thread the 2-handles we have a choice as to where to enter the 2-handle, 
which corresponds to choosing a preferred lift of the 2-handle in a covering space. 
To thread /i^^, we follow from /ig, along the core of /i^ in agreement with its 
orientation and then enter the 2-handle from the centre of /i^ passing directly to 
the centre of h^^. The handle h^gy^ is also threaded in this manner; starting from 
h^Q we follow h\ along its core in agreement with its orientation until we reach its 
centre, and from there we pass directly to the centre of h^gx- 

Finally, to thread the 3-handle /i| we follow the threading for /i?, to its centre 
before passing directly to the centre of 

All of the boundary maps claimed then follow by considering the concatenation 
of paths which define the twisted intersection numbers as in Definition 13.11 and 
expressing the loops which result in terms of the gi. The pair 



is as claimed, with a / a split injection of free modules. 

One should also note that the entries in the matrix for 82 are given by taking 
the free derivatives of the relation words, and that the following are identities of this 
presentation, and yield the boundary map d^, by taking the word which conjugates 
each relation, and the sign ±1 according to the exponent of each relation: 



/: C,(aX;Z[7r]) ^ C,(X;Z[7r]) 



/: a(aX;Z[7r]) ^a(X;Z[7r]) 



c 



S. 



o — 



n 



Wj. r,- W: 

Jk Jk Ji^ 



1 



1 e F{gi, . . . ,gc,fJ,,X); 



k=l 




1 e F{gi, . . .,gc,fJ,,X). 



□ 
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Remark 3.13. Passing to Z coefHcients, the S-dimensional chain 

[X,dX] hi + hi G C3(X;Z) = C3(X; Z[7ri(X)]) 

represents a cycle in C:i{X,dX;Z), since d:i{[X,dX]) = ~hl = {~lff{[dX]) G 
C2(X;Z). This is the relative fundamental class for the knot exterior, which we 
shaU use in Chapter 2] to derive the symmetric structure on the chain complex. 

We now describe how to construct a chain complex of the boundary torus 
C*(9X; Z[7ri(X)]) with a splitting. We define maps: 

{i-,i+f: C4S^xS°;Z[ni{X)]) -> C^S^ xDI;Z[tti{X)])®C4S^ xDl;Z[ni{X)]), 
with chain maps 

/±: a{S^ X D^^;Z[7Ti{X)]) ^ C\{X;Z[tti{X)]) 

corresponding to the geometric inclusion maps, and a chain homotopy 

g: /_oi_ ~/+oi+: C,{S' x 5°; Z[^i(X)]), ^ Z[^i(X)]) 

which measures the failure of these two compositions to coincide on the chain 
level. Combining f± and g will yield a chain equivalence rj from the mapping cone 
(Definition 13. 16p to the chain complex of the boundary of X from Proposition l3.11l 

77: <^^((*_,*+f ) ^ a(aX;Z[7ri(X)]). 

Since this latter complex is a sub-complex of C»(X; Z[7ri(X)]), we can then use the 
inclusion to define the map for] which gives us the pair of complexes: 

fan: '^{{t_,i+f) ^ a{X;Z[7ri{X)]), 

so that we have a triad of chain complexes: 

a{S^ X 50;Z[7ri(X)])^-^a(5i x 7^i;Z[^i(X)]) 



C,{S^ X Dl;Z[Tri{X)]) ^^C*(X;Z 



/- 

mix)]). 



as desired. 

In order to better understand the following, recall our splitting of the torus into 
two halves as shown in Figure [H 

Proposition 3.14. An equivariant chain complex of the universal cover of the 
circle C*(S'^;Z) = C^,{S^;Z[Z]) is given by the following Z[Z] = Z[t,t^^-module 
chain complex: 

Z[Z] ^'^'*'^'> Z[Z]. 

A chain complex of x is therefore given by the Z[Z (B Z] — Z[t,t^^ , s, s^^]- 
module chain complex C* (S*^; Z[i, t^"'"]) © C*(S'^; Z[s, s^^]); 



di = 



t-l 

^ X s - 1 , ^ 

Z[Z © Z] ^ ^ Z[Z © Z] 



Let gi,gq also denote the images of t,s in 7ri(X) under the induced map of the 
composition of geometric maps /+ o i^ (which agrees on x 5"° with /_ o i_)^ for 
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Figure 2. A handle decomposition of the torus dX w S*^ x S*^ 
with a spUtting into two cyhnders. 



some q such that 2 < q < c, depending on where we split the torus. Then a chain 
complex of the Tri{X)-cover of x S° is given by: 



Proof. The circle has an obvious handle decomposition involving one 0-handle 
and one 1-handle. Thread the 1-handle by starting at its beginning and following 
the orientation until reaching its centre. The boundary map di is therefore as 
claimed. 

For the chain complex of 5^ x 5° over Z[Z © Z], one merely needs to observe 
that disjoint union of topological spaces corresponds to the direct sum of their 
chain complexes. The chains are free modules over the group ring of 7ri(S'^; a;_) © 
7ri(S'"'^; where x_,a;+ are base-points which belong to each of the connected 
components of x S^, the centres of the 0-handles and h*^ from Figure [2j For 
the chain complex of the 7ri(X)-cover, one tensors the chain complex over Z[Z©Z] 
on the left with Z[ki{X)]; 



using the homomorphism Z © Z — >■ Tri{X) given by 1 1— > gi and s ^ gq. This map is 
derived by conjugating the inclusions of loops in 7ri(5'^ x S^]x±) with paths from 
the basepoint of i-q G X to the images of the basepoints /+ o i+(a;±). We have 
that /+ oi^{x^) ~ xq, so no path is required here, whereas /+ oi_|_(x+) is halfway 
around the boundary so requires a path in X from Xq to the image /+ o i^{x^). 
This choice of path determines the element p^; that is, it determines where we split 
the torus. □ 




2 



2 



Z[7ri(X)] ®z[zez] C^S^ X 5";Z[Z©Z]) 
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We now include x 5° into the cylinder S-^ x in two ways, so that we have 
two nuU-cobordisms of x S^: 

i±: X S° ^ X D^. 

Let {1} X {—1} G 5^ X S*" C S*^ X be the basepoint of both spaces, considering 
each 5** with its standard embedding in R'+^ in order to describe coordinates. 
RecaU (Definition [2ll]) that ^ [-1, 1] and 5" = {-1, 1}. Let j : S° ->■ be the 
inclusion. We define the maps i± to be: 

i± = (Id,±Idoj): S^xS" ^S^ X D^. 

Proposition 3.15. The cylinder x is homotopy equivalent to S^, so we can 

use the same chain complex for the two spaces. The chain maps i_ and which 
are induced by the inclusions i±: x S'^ ^ x D}j_ on the chain complexes of 
the TTi{X)-covers are given by: 



C,{S^ X DI;Z[ttAX)]): 



a(S'i X S'";Z[7ri(X)]): 



C*(5i X DI;Z[tti{X)] 



1 

1-' 



02 n^x)] 



Z[7ri(X)] 



.91-1 
.9,-1 



f 



02 nMx)] 



.Z[^i(X)], 



9q 



where the words la,lb are given by splitting the word I for the longitude in two as 
follows. We take the letters of the word for I before and after a certain point, which 
corresponds to the point that the knot passes under h^. That is, let p, between 
and c — 2 be such that g(^k+p)2 = 9q- Then, with the indices taken mod c as above: 



L 5i 



Wr £fc + l 

y/ciy(fe+i) 



l-b ■— .9, 



(fc+p+1) 



-.9 



Sk + p 

£fc+P 

(fc+c-i)r 



Proof. The basepoint of the cylinder x D\. is the point x± at the centre 
of /ij. as in the proof of Proposition 13.141 and the preamble to this proposition. 
This means that the chain complexes of the 7ri(X)-covers are the same as the chain 
complexes of S*^ x {— 1}± C S*^ x D\: we can retract onto this circle without 
moving the basepoint. The chain maps i± are derived by considering the loops 
created by concatenating the paths which begin at the basepoint xq = X- ^ X, 
follow the threading of the handle in x , then pass using the geometric map 
i±to the relevant handle of S*^ x D}j_, before returning to the basepoint using the 



threading of this latter handle. The threadings of the handles of 5*^ x 
through the southern hemisphere {D^ 



pass 

from the proof of Theorem I2.13P so avoid 



the knot entirely. Since we consider x D\. as being retracted onto the end which 
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contains its basepoint the threadings here are identical. The coefficients l^^ and 
l'^^ in the chain maps arise since the effect of this retract is to make the geometric 
map pass around lialf the boundary torus for the pairs in which the basepoints 
do not coincide. Tlie fundamental group elements la and lb can be visualised in 
Figure [2] as following the cores of the handles labelled h]^ and hi respectively. We 
need to check that the maps of complexes given are indeed chain maps; for this 
one needs the following relations, which can be checked algebraically using the 
Wirtinger relations, and which should geometrically hold: 

9q la^giL; and 

9q = hgilb^- 

The homotopy for the first relation deforms the loop across the core of from 
Figure [5] while the homotopy for the second relation deforms across h^. □ 

In order to glue the two cylinders together along their common boundary we 
use the algebraic mapping cone construction. 

Definition 3.16. The algebraic mapping cone '^{g) of a chain map g: C ^ D is 
the chain complex given by: 

d^^g) = ^"^j^ ^ : '^{g)r =Dr(B Cr^l ^ '^{g)r-l = Dr-1 ® Cr-2. 

This of course mirrors the geometric mapping cone construction algebraically. □ 
Proposition 3.17. For purposes of brevity we make the following definitions: 
C -.^CiS^ X S°;Z[tti{X)]); and 
D± :=a(5i X D^;Z[^i(X)]). 

There is a chain complex of the iTi{X)-cover of the torus x given by the 
mapping cone 

E := "^{{i^^i+Y : C ^ D_®D+) 

with 

Er = {D^)r ® Cr-1 © (£'+)r, 

SO that the chain complex is given by: 

E2 = ®2 nMx)]^{hihi) 
i?i = 04 nMx)] = {hi,hihih\) 

di 

So Z[7ri(X)] = {h°_,h\) 

where: 

di = 

v 



-1 51-1 
-la' g,-l 



-1 



.91-1 \ 



1 




-1 / 
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We included the geometric interpretation relating each of the 'Z[Tri{X)]-summands 
to handles in Figure\^ This chain complex is chain equivalent to the chain complex 
for the torus 

E' := C^S^ X 5^Z[7ri(X)]) C C,(X; Z[7ri(X)]) 
from Proposition lS. 1 1\ given again here: 

,91-1 



di = 



Inlh 



> Z[7ri(X)] 



d2 = ( IJb - 1 1 - 9l ) ^ 
nMX)] ^ ^ Z[n,{X)] 

2 

Proof. The first statement is just an application of ttie algebraic mapping 
cone construction. In defining the chain equivalence, since the chain complex of 
the 7ri(X)-cover of the torus, C*(5'^ x 5*^; Z[7ri(X)]), is a sub-complex of the chain 
complex C*(X; Z[7ri(X)]), we shall simultaneously define the maps 

f±:D±^ C4S^ X Di;Z[ni{X)]) ^ C,{X;Z[ni{X)]), 

and the chain homotopy 

g: f-oi_ ^ f+oi+: C^S^ x S";Z[tti{X)])^ ^ C*+i{X;Z[tti{X)]) : 

The geometric maps /_ o i_ and /+ o i^ coincide, whereas their algebraic coun- 
terparts do not; g is the algebraic data which reflects this. We use these maps to 
construct the chain equivalence: 

rj-.E^E' 

shown here (where since we are dealing with matrices of maps and not group ring 
elements, chain groups are column vectors and matrices act on the left): 



E2 — Ci 



Ei = iD_)i(BCo(BiD+)i 



■Eo^{D_)o®iD+)o 



if-,g-f+)=v 



{f--U)=n 



E' 



where 

Oe = {-i-,dc,-i+f: E2 = Ci^Ei = ® Co ® {D+)i- and 



dE^y J" y-E, = (D^), © Co ® {D+)i -^Eo^ {D^)o ® {D+)o. 

The conditions f±dD± = Qe' f± that f± are chain maps and gdc + dE'g = 
/_ o i_ — /+ o that g is chain homotopy, are equivalent to the condition that rj 
is a chain map. 
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Returning to the convention of row vectors and matrices acting on the right, 
we define the chain map 77: exphcitly to be: 



02 Zkl(X)] 



•04 n^i{x)]. 



dE 



■02 nMx)] 



'fa 'a 



( 


1 




















V 


-la' 






1 



•02 ^kl(^)] 



•Z[^l(X)]. 



nMx)] ^ — 

The reader can check that this is indeed a chain map. To see that it is a chain 
equivalence, we exhibit here a chain homotopy inverse ^. 



Z[7ri(X)] 



■02 nMx)] 



( —IJb la ) 



10 

IJb -la 



1 



02 nMx)] 



■04 ^[^iW] 



02 nMx)]. 



The reader can check that: 



and that the chain map: 



7]o^-ld^Q: E' ^E', 



is given by: 

02 nMx) 



02 Z[7ri(X)] 



02 nMx) 

with 




02 Z[7ri(X)], 



^ O 7^ — Id 
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and where k: Ei ^ is a chain homotopy such that kdE + dsk ~ o f] — Id, 

showing that 77 and ^ are indeed inverse chain equivalences, given by: 



In conclusion, since 77 splits up as described into /_, /+ and g, and since E' in- 
cludes into C{X; Z[tti{X)]) as a sub-complex, we have now exhibited, as claimed, a 
triad of chain complexes. Each of the chain complexes and chain maps are algorith- 
mically extractable from a knot diagram. There is a homotopy g which measures 
the chain level failure of the diagram to commute: 




k 




vol/ 



□ 



CiS^ X S'0;Z[7ri(X)]) 



I- 



C^S^ X DI-Z[tti{X)]) 



a 



f- 



X Dl;Z[7ri{X)]) 



f+ 



a(X;Z[7ri(X)]). 



CHAPTER 4 



Poincare Duality and Symmetric Structures 

In order to use the chain complex of the knot exterior given in Chapter [3] to 
generate concordance invariants, we will also need a chain equivalence between the 
chain complex and its dual, which yields the duality isomorphisms upon passing 
to homology. Since the knot exterior is a manifold with boundary, we will in fact 
require the universal coefficient chain level version of Poincare-Lefschetz duality. 

This duality comes from taking cap product with a fundamental class [X, dX] £ 
C3{X, dX; Z). It turns out that not only the homological duality information in the 
cap product, but also the cup product and the Steenrod squares, are all encoded 
on the chain level in the diagonal approximation maps. This algebraic information 
encodes the geometric linking and intersection information relating to the manifold. 

Note that any concordance invariant requires that duality information is taken 
into account, whether explicitly or otherwise. For example, the proof that the 
Alexander polynomial of a slice knot factorises as f{t)f{t~^) uses duality; this was 
the first slice obstruction described in the original paper of Fox and Milnor on 
knot concordance |FM66j . As in Remark 12.171 for our chain complex we need 
the peripheral structure (Definition 14. 1[) for concordance invariants, since without 
taking account of how the boundary relates to the knot exterior, we cannot obtain 
a fundamental class and therefore cannot obtain Poincare-Lefschetz duality. 

Definition 4.1. The peripheral structure of a knot is a homomorphism Z ® Z — >■ 
TTi{X) which records the image of the longitude and the meridian of the boundary 
torus X ^ dX in the fundamental group of X . The longitude and meridian 
are canonically defined as the curves in 'Ki{dX) = Hi{dX;Z) < tti{X) which 
represent the unique non-trivial primitive homology classes in 

ker(i7i(aX;Z) ->i7i(X;Z)) 

and 

ker(iJi((9X;Z) ^ Hi{N{K)]Z)) 
respectively. In our construction this information allows us to construct a chain 
map 

C,idX;Z[Tri{X)]) ^ C4X;Z[7Ti{X)]) 

which records the inclusion of dX algebraically on the chain complex level. When 
we refer to the peripheral structure we shall also mean this chain map as well as 
the map on the level of the fundamental groups. □ 

For the benefit of the reader we include an introduction to diagonal approx- 
imation chain maps and their involvement in the symmetric construction in this 
chapter. We shall describe how to produce a symmetric structure on a chain com- 
plex, in particular on the chain complex of the universal cover of a 3-dimensional 
model for an Eilenberg MacLane space K{tt,1), such as a knot exterior. This 
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produces what shall be the basic algebraic object of our consideration; that is, a 
collection of Z[7ri(X)]-modules and maps of the form: 




There are also higher chain homotopies ips '■ C"" — >■ Ca-^+s which measure the failure 
of ifs-i to be symmetric on the chain level; we shall describe these in detail later 
in this chapter. The main references for this material are |Ran81| and |Ran801 
part I]. Experts may wish to skip to Section 



1. The symmetric construction 

To begin, for simplicity, we take M to be an n-dimensional closed manifold 
with ni{M) — TT and universal cover M. Using the trivial homomorphism tt — {!}, 
we can form the tensor product 

Z®z[^]a(M) = C*(M;Z), 

and so calculate H^{M;Z). With Z coefficients there is a fundamental class [M] £ 
if„(M;Z), which we require in order to furnish the chain complex with Poincare 
duality. The universal Poincare duality isomorphisms: 

[M] n . : H'-(M;Z[7r]) ^ if„_,(M; Z[^]), 

as given by the cap product with the fundamental class, are given explicitly on the 
chain level using the symmetric construction. Take an cquivariant diagonal chain 
approximation map: 

Ao: C(M;ZM), -> (C(M;Z[^]) ®z C(M; Z[^])),; 

there are many choices of such maps; for singular chains an acyclic models argument 
can be used to show that they exist and that any two choices are chain homotopic. 
For the handle chain complex of an Eilenberg-Maclane space, a theorem of Davis 
(see Theorem 14. 6p is required. 

The diagonal maps are chain maps induced by the diagonal map of a topological 
space. 



(2) 



A: M ^ M X M; {y,y)- 



This map is 7r-equi variant, so we can take the quotient by the action of tt. This 
yields 



(3) 

where: 



A: M M M, 



M M 



M X M 



{{x,y) ^ {gx,gy)\ge tt} 
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Theorem 4.2 (Eilcnberg-Zilber). Let X and Y be topological spaces, and let 
C{X),C(Y) and C{X x Y) be the corresponding singular or simplicial chain com- 
plexes. There is a natural chain homotopy equivalence: 

EZ: G{X X y) ~ C{X) ® C{Y). 

Proof. See |Bre93| pages 315-8]. □ 

Therefore, algebraically, we want a map: 

Ao : C(M) ^ C{M) ®z C(m). 

We then take tensor product over 1[ti\ with Z, on the left, of both the domain and 
codomain, to get a chain map: 

(4) Ao : Z C(M) ^ Z {C{M) ®z C(M)). 

Since tt acts trivially on Z, and diagonally on C(M) ®i C{M), we are left with a 
chain map: 

Ao: C(M) ^C(M)*®z[,] C{M) 
which algebraically encodes the topological map 

A: M ^ M x^M 

from equation above. The superscript t denotes the involution 'g = g~^ on Z[7r] 
being used to make C(M) into a right module in order to form the tensor product. 
This is precisely the effect of tensoring on the left with Z as in (|4]). 

Note that in the case that M is contractible, such as when M is a K(n, 1), the 
map 

A: M AMx^M 
is a homotopy equivalence. This means that the composition 

EZoA^: C.,{M) ^ C4M x^M) ^ C^M) (g)z[^] C*(M) 

is a chain equivalence, so induces an isomorphism on homology, which as we shall see 
gives us Poincarc duality isomorphisms. The problem is to realise these algebraic 
maps explicitly on small chain complexes. 

Theorem 4.3. (cf. [Dav85| ) Let S{Y) denote the singular chain complex of a 
topological space Y . Then there exists a chain map 

Ao: S{Y)^SiY) ®z 

such that Ao(c) = c® c for all c G So(Y). 

Proof. The proof is by the method of acyclic models: see e.g. jBre93| 
page 317] for an exposition of the method. □ 

While the method of acyclic models guarantees the existence of such a map 
on the singular chain groups, the handle chain groups are considerably smaller. 
While this is a virtue in that all the information is contained in something which 
can be explicitly written down (e.g. Theorem 13. 5p . it means that the topological 
diagonal map cannot be approximated nearly as closely, and since the "models" are 
the handles themselves, the complex itself must be acyclic. 

The fact is that the product of two handles will not in general be a handle in 
the diagonal of the product space. For example, consider the circle decomposed 
into a 0-handle and a 1-handle. The universal cover of the circle is = M, and 
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the chain groups Ci(M) are Z[Z]-modules, generated by a point for Co(]R), and by 
the interval [0, 1] for Ci(R). We seek to approximate A: M — s> M x R; x ^ {x,x), 
by a map: 

C(M) C(M) ® C(M) c± C(M X M). 



R 






D 


iagonal 












R 



Figure 1. The diagonal in M x R S*^ x S'l with a choice of 
handle chain approximation to it. 

The diagonal map does not map a 1-handle to a 1-handle; the best we can do 
is to make a staircase with integral increments. One such is shown in Figure [T] 
The question then arises as to whether this staircase should be above or below the 
diagonal line; Figure [T] shows the above version, but putting it below would seem 
equally as valid. One is the transpose of the other, and the two can be seen to 
be geometrically homotopic by homotoping across the boxes which are the product 
of the 1-handles from each copy of M. This hopefully motivates the following two 
definitions. 

Definition 4.4. Let C* be a chain complex of finitely generated (f.g.) projective A- 
modulcs for a ring with involution A, and let e — ±1. We define the e-transposition 
map 

: C* «) -> ® Cp 

by 

T generates an action of Z2 on C ®a C . Wc also denote by the corresponding 
map on homomorphisms: 

T,: HomA(CP,CJ ^ Hom^lC^Cp) 

given by 

e ^ (-i)p%r. 

□ 
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Definition 4.5. A chain diagonal approximation is a chain map Aq : C* — !■ C*Cx)C*, 
with a choice of a collection, for i > 1, of chain honiotopies Ai : C* — s- C* ® C* 
between Ai_i and T^Ai-i. That is, the A^ satisfy the relations: 

9A, - (-1)^A,9 = A,„i + (-l)^r,A,_i. 

Note that Aj : — > (C* (8) C^)k+i is a map of degree i. □ 

The following theorem of Davis |Dav85| ensures the existence algebraically of 
the diagonal approximation for an abstract acyclic chain complex. In particular, it 
is indeed possible to choose the maps Ai as in Definition 14.51 for the handle chain 
complex of the universal cover of a if (tt, 1) such as the knot exterior, and any 
choices only affect the answer up to a chain homotopy, as long as the A^ satisfy 
certain geometrically motivated conditions. 

Theorem 4.6. Let C ~ [Ci, d)Q<i<n be o, chain complex of free 'Z[K]-modules in 
non-negative dimensions, with augmentatioi^ a: Cq ^ such that the augmented 
chain complex is acyclic. Then there exists a 1,[T:]-module chain diagonal approxi- 
mation Aj, i = 0, 1, . . . , n fAi = for i > n), as in Definition \4-.5\ satisfying: 

(i) : For all j, A,{a) C e„<,,„<, ® C„. 

(ii) : (a ® 1) o Aq = 1. 
(Hi): (1 (g) a) o Aq = 1. 

(iv): For all i, for any c G C;, there is an a £ Ci ® Ci such that: 
Ai{c) - c c = a + {-lyT^a. 

Furthermore, any two choices of such maps are chain homotopic. 

Proof. See |Dav85[ Theorem 2.1]. He uses a chain contraction for the aug- 
mented complex, which induces a chain contraction on the augmented product 
complex C* ^zItt] C**! to inductively define the A^. □ 

We will make use of the diagonal chain approximation maps as follows. Apply- 
ing the slant isomorphism (defined below) to the image of the fundamental class 

Ao([A/]) e ia{M;Z[TT]Y a(M;Z[^]))„ 

yields a set of Z[7r]-modulc homomorphisms 

(^o: C(M;Z[^])"-'' ^ C(A/; Z[7r]),, 

which give the cap product explicitly upon descent to homology. See e.g. [Bre93| 
chapter 6] or |Ran02| chapter 4] for the standard construction of the cap product 
using the Alexander- Whitney simplicial diagonal approximation. We now make the 
necessary definitions and fix our sign conventions. 

Definition 4.7. Given chain complexes {C,dc) and {D,do) of f.g. projective left 
A-modules, with Cr,Dj. = for r < 0, where A is a ring with involution, we can 
form the tensor product chain complex C* (S>a D defined as: 

(C* ®A D)n := C* ®A Dg, 

p+q=n 

^We define a ^^J^ggir '^ss) ~ Eggir "^9' ('^9 ^ o^ily finitely many ag ^ 0) for some 

generator h'^ of Co, and a{x) = for any other generators x of Co. Also, for eonvenienee, define 
a to be zero on d for i > 0. 
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where the t superscript means that the involution on A is used to make Cp into a 
right module, with boundary map: 

rf® : (C* (E)A D)n (C* ®.4 D)„_i 

given, for a; (g) y G C* ®a Dg C (C* ®a D),,, by 

® y) = X ® doiy) + {-lydcix) (g) y. 

We define the complex Homyi(C, £>) by 

Hom^(C,i?)„ Hom^(Cp,i?,) 

with boundary map 

"'Horn 

: Hom^(C, ^> Hom^(C, £>)„_! 

given, for g : Cp ^ Dq, hy 

duomig) = dog + {-lygdc- 

The dual complex C* is defined as a special case of this with Dq = A as the only 
non-zero chain group. Explicitly we define C := HomA(Cr, ^4), with boundary 
map 

6 = d*c: C 

defined as 

S{g) =g°dc. 

Note that the dual complex (C* , S) consists of chain groups which naturally are 
right modules, so we use the involution to make them into left modules. Define, for 

(a • g){x) := g{x)a. 

There is an isomorphism: 



a ^C**; x^if^fix)). 

The slant map is: 

\:C*®aC ^ HomA(C-*,a) 
x®y [ji^ g{x)y^ 

where the chain complex C^* is defined to be 

{C-*)r = C-^; dc-> = {dcY = S. 

□ 

Proposition 4.8. The slant map is an isomorphism between each chain group and 
commutes with the differentials and is therefore an isomorphism of chain complexes. 

Proof. See |Ran02( Chapter 4]. □ 

Let X € C'm{M; Z) be a chain. Since Aq is a chain map, we have 

d^Ao{x) = Aodcix). 

Therefore 

dHom\Ao(x) = \d^Ao{x) = \Ao{dcx) 
since the slant map is a chain isomorphism. Suppose that [x] G Hm{M) is homology 
class. Then it is a cycle, so 

dHom\Ao([a;]) ^ \Ao{dcx) = \Ao(0) = 0. 
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Therefore 

\Ao([a;]) e Hom^[,](C-*(M),C,(M))„, 
yields a collection of homomorphisms 

which satisfy: 

(5) dc9r+i + {-lTgr5^0. 

Note that we can rearrange this to give: 

dcQr+i = {-ly^^grS. 

We want to use the language of homological algebra to claim that a homology class 
in H„i{M] Z) induces a chain map between the chain complex and its dual. In order 
to do this wc need to take care of the signs. Wc therefore, for an A-modulc chain 
complex C, define the complex C™~* by: 

(C™-*), =HomA(a„-.,A) 

with boundary maps 

d*: (C"-*),.+i ^ (C""-*)r 

given by 

d* = {-ly+^s. 

With this new chain complex, we have: 

Proposition 4.9. A homology class [x] G HmiY) induces a chain homotopy class 
of chain maps g = {g,n-r '■ C"^~^ — > C'r}"Lo = \^o{x) & Homz[7r](C™~*, C,) which 
descend to give the cap product with [x] on homology. If m = n — dim M and [x] ~ 
[M] , a fundamental class of the manifold, then g ~ ipo is a chain equivalence which 
gives rise to the Poincare duality isomorphisms between cohomology and homology. 

Proof. With the change in sign in the coboundary maps, it is straight-forward 
that dcgr+i ~ grd* . If we change x to x + dcy for some y S Cm+iiX), then 
this changes the resulting chain map by a boundary in Homz[7r] (C*""*, C**), that 
is to a chain homotopic map. The corresponding map on homology, which is the 
cap product with [x], is therefore well defined. Sec e.g. jHatOlj . |Bre93| for 
the proof that cap product with the fundamental class induces Poincare duality 
isomorphisms. □ 

While we use this chain complex C*""* to express the cap product maps as 
chain maps, we prefer to maintain our original notation to discuss the duality maps 
i.e. maps g : C'"^'' — > Cr which satisfy equation ([5]). In the case of a closed manifold 
M, we take x = [M] to be the fundamental class and we call these maps 

(/po \Ao([A/]). 

Note the subscript on Aq and Lp^; this is because there are also higher chain ho- 
motopies as in Definition 14.51 and Theorem 14.61 which take care of the failure of Ag 
to be symmetric. They are related to the Steenrod squares which encode higher 
level information about the intersection properties of the manifold: just as the cup 
product of / e W{C) and g £ W{C) is 

f\Jg^^l{f®g)^W+^{C), 
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where /* is the induced map on Cj, for a cohomology class / G H''{C) we define 

Sq\f) = K_,{f®f). 

Using the higher wc can define the entire symmetric structure on a chain com- 
plex, which we now proceed to do. 

Let C* be a chain complex of finitely generated projective yl-modules. Our 
principal example is C* = C*(A/) with A ~ Z[7r], however once the symmetric 
structure is obtained a symmetric chain complex is a purely algebraic object. 

Recall that the diagonal chain approximation map 

Ao: C(m) ^ C(mY ® c(m) 

was far from unique. In particular, the transpose T^o Aq carries essentially the same 
information: the Z2 action yields different maps ipo which have the same effect on 
the homology level; this is the fact that the cup product is signcd-commutative on 
cohomology. Therefore, as in Definition 14.51 there is a chain homotopy which we 
call Ai : C„ — ?• (C (g) C)„+i between Aq and T^/S.q: 

dAi + Aid = Ao - TeAo. 

This induces maps ipi := \Ai([M]): C'"-'"+i Cr which are a chain homotopy 
from ifo to its transpose; i.e. such that: 

dc^pi + i-iy^iSc + ("l)"(</5o - T.ipo) - 0: C"-'- ^ Cr. 

This process now iterates. The homotopy Ai and therefore tpi itself fails to be 
symmetric in general, and so we need a chain homotopy A2 between Ai and its 
transpose. Again, A2 fails to be symmetric, and so on, until we reach A„ : C„ — ?• 
(C (g) C)n. The map A„ : C„ — > C„ Cn corresponds to the zeroth Steenrod 
square Sq^ and so must be non-trivial. All this information can be encoded in a 
single algebraic object as follows. 

Definition 4.10. Let W be the standard free Z[Z2]-rcsolution of Z, but without the 
Z at the end, shown below. Geometrically it arises as the augmented chain complex 
of the universal cover S°° of the model for K{Z2, 1), namely MP°°, constructed as 
a CW complex with a cell decomposition which has one cell in each dimension 
0,1,2,... and so on. We have: 

W : > Z[Z2] Z[Z2] Z[Z2] Z[Z2] Z[Z2]. 

Given a f.g. projective chain complex C* over A and e E { — 1,1}, define the e- 
symmetric Q-groups to be: 

:= H„(Homz[z,](W^,C* C)) = i/„(Homz[z.] W HomA(C-*, C*))) 

An element Lp e Q"(C, e) can be represented by a collection of ^-module homo- 
morphisms 

{ip, e Hom^(C•"-''+^ a) k e Z, s > 0} 

such that: 

where ip-i = 0. The signs which appear here arise from our choice of convention 
on the boundary maps in Definition 14.71 If we omit e from the notation we take 
e = 1, so that Q"(C) := Q"(C, 1). 
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A pair (C*,(/3), with ip G Q"'{C), is called an 71-dimensional symmetric A- 
module chain complex. It is called an n-dimensional symmetric Poincare complex 
if the maps ipo : C'""'' — >■ Cr form a chain equivalence. In particular this implies 
that they induce isomorphisms (the cap products) on homology: 

The symmetric structure is covariantly functorial with respect to chain maps. A 
chain map / : C ^ C" induces a mai0 f'^" : Q"{C) -> Q"(C") given by 

f°{^)s = if ®A f){Vs) e C" (E)A C; or 

A homotopy equivalence of n-dimensional symmetric complexes / : (C^ip) — > {C',tp') 
is a chain equivalence /: C C such that /'^"{(f) ~ (f' ■ □ 

We remark that although we used the geometry to construct the symmetric 
structure on the chain complex of a manifold, once we have the information we have 
a purely algebraic object, albeit a fairly complex and unwieldy one, but nevertheless 
purely algebraic. This completes our description of the symmetric construction for 
closed manifolds; we now move on to the important case of manifolds with boundary. 

2. Symmetric structures on manifolds with boundary 

One of the great strengths of the theory of algebraic surgery is that it copes 
extremely well with manifolds with boundary, particularly when the boundary is 
split into more than one piece. 

So, suppose that instead of a closed manifold AI that we have (AT, dX), an (n + 
l)-manifold with 71-dimensional boundary. Then we can take a relative fundamen- 
tal class [X,dX] e C„+i(X;Z), which maps in the homology long exact sequence 
of a pair to a generator of iJ„+i(X, SAT; Z). On the chain level, dc{[X,dX]) = 
(— G Cn{X), where / is the chain level inclusion of the boundary 
into X, and [dX] is the fundamental class of the boundary dX. It is unfortunately 
necessary to introduce a sign into the identification of the boundary of the funda- 
mental class with the fundamental class of the boundary, in order to fit in with 
the general scheme of signs in ( |Ran80| part I) and in Definitions l4Jl and l4TT0l 
this sign comes from the use of an algebraic mapping cone of / ® / to define the 
matching conditions of Q^'^^if) in Definition 14. 121 below. In the case of a manifold 
with boundary we have: 

d«Ao([X,5X]) = Aodci[X,dX]) = Ao((-l)"+V([9X])) 

We adopt the following notation: for a manifold with boundary we call by dip the 
collection of maps given by \A([X, dX]), and for the duality maps on the boundary 
\A([9X]) we use ip, since dX is a closed manifold. To define a symmetric pair we 
first recall the algebraic mapping cone construction. 

Definition 4.11. The algebraic mapping cone '^{g) of a chain map g: C ^ D is 
the chain complex given by: 



The upper indices here do not indicate contravariance; they are used to distinguish from 
the quadratic structure, which is dual to the symmetric structure in a different way. 
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□ 

Definition 4.12. The relative Q-groups of an ^-module chain map f : C D are 
defined to be: 

Q"+i(/) := i/„+i(Homz[z,](W^,'^(/* ®a /)))■ 
An element {Sep, ip) G can be represented by a collection: 

n+s+l 

such that: 

id^{6^s) + {-ir+'{sps-i + (-f )^T,<s^,_i) + i-irfpj*, 

d^{<Ps) + {-lT+'-\ps-i + (-l)^T,^,_i)) = 

where as before Sp-i = = <^-i. A chain map f : C ^ D together with an element 
(Sip^ifi) € Q"^^if) is called an (n + 1)- dimensional symmetric pair. A chain map 
/ together with an element of Q"^^{f) is called an (n + 1)- dimensional symmetric 
Poincare pair if the relative homology clas^ {dipo,^a) G S^A /) induces 

isomorphisms 

jjn+i-r^j^^ C) := W+^-'\f) ^ Hr{D) (0 < r < n + 1). 

For a symmetric Poincare pair corresponding to an {n + l)-dimensional manifold 
with boundary, these are the isomorphisms of Poincarc-Lcfschetz duality. □ 

In the sequel we shall be particularly concerned with the maps for s = 0, and 
we shall give explicit formulae for these for knot exteriors, whereas for the higher 
(fs maps we shall have to content ourselves with the knowledge that these maps 
exist. For each null-cobordism in our triad from Chapter [3l we will have explicit 
algebraic data which consists of a map of chain complexes, and the duality maps: 

if:C^D,iSipo,Vo)), 

such that 

(6) dHom('5</'0) = d{dipo)r+l + (- 1)"^ (5(/?o).<5 = (- 1)"+ V ('/'o)r /* 

where {d(po)r- Dr, and 

where {ipo)r' C"~^ Cr- 

This algebraic situation mirrors the situation that D = C{X;'L['k\) and C = 
C(9X;Z[7r]); the condition checks that the duality on the boundary is consistent 
with that on the interior manifold. It follows from the fact that the slant map. the 
diagonal chain approximation and / are chain maps. We have: 

dHom(\Ao([X,M])) = \rfAo([X,M]) = (-l)"+i\Ao(/([5X])) 

= (-l)"+i\(/*^/)(Ao{[M])). 

Heuristically this says that the boundary represents precisely the failure of Poincare 
duality on instead there will be Poincare-Lefschetz duality. The chain level 
version crucially provides more information. This is because Sip^ is a chain nuU- 
homotopy of fipof*', that is a particular reason why cycles of dX do not have duals 



The (co)homology groups of a chain map arc defined to be the homology groups of the (dual 
of) the algebraic mapping cone. 
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upon inclusion in X . Firstly, the dimension shift means that intersections of a cycle 
and its dual in dX are no longer transverse, since one of them can be pushed into 
the interior. The algebraic null-cobordism of the boundary - the chain complex of 
the interior of the manifold - records which cycles bound in the interior, and how 
the relative cycles thence created intersect. In the case where dX ~ x we 
record key algebraic information about the particular knot exterior X . 

There is another way to express manifolds with boundary algebraically, which 
we include for completeness, since the distinctions discussed here are common 
sources of confusion for beginners: the chain complex {C{X),dip) is not even a 
symmetric complex since the maps Sipo are not chain maps: the terms f^pof* in 
Equation (jG]) prevent this. However, the relative chain complex (C*(X, dX), S(p/(p) 
is a 71-dimensional symmetric chain complex which is not Poincare. The chain 
complex of the boundary of a symmetric chain complex measures in a precise way 
the failure of the complex to be Poincare; the boundary is given by the mapping 
cone on the duality maps: '^{(fo: C'""'' — ^ Cr)*+i. This algebraic mapping cone is 
contractiblc if and only if ipo is a chain equivalence, which is precisely the condition 
for (C, (fi) to be a Poincare complex. We can therefore encode a symmetric Poincare 
pair (f : C D, (Sip, ip)) in a single symmetric chain complex {'^(f)^ Sip/ip). We 
call the two ways of expressing a manifold with boundary the fundamental confusion 
of algebraic surgery. 

Definition 4.13. An 7i-dimensional symmetric complex {C,Lp G Q"{C,e)) is con- 
nected if 

The algebraic Thorn complex of an n-dimensional e-symmetric Poincare pair over 
A 

{f:C^D,{S^,^)€Q^{f,e)) 
is the connected n-dimensional e-symmetric complex over A 



{^^if),S^/^eQ''\nf),e)) 



where 



= 0"-"'+" ®C''-''+'-^ ^'^{f)r^ Dr®Cr^l {s > 0) . 

The boundary of a connected n-dimensional e-symmctric complex (C, ip £ 
(5"(C, e)) over A, for n > 1, is the (n — l)-dimensional e-symmetric Poincare 
complex over A 

{dC,dip e Q"-\dC,e)) 

given by: 



ddc 



'n— r-t-1 , 



/ -]\7i — r—lrp / -i\r[n — r — l)^ 

dCr = Cr+1 e C" 
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and, for s > 1, 



dips 







dC 



n— r+s— 1 



c 



C, — 



s+1 



dCr = a+1 ec"-^ 

See [RanSOi Part I, Proposition 3.4 and pages 141-2] for the full details on the 
boundary construction. 

The algebraic Poincare thickening of a connected £-symmetric complex over A 

(C,^eQ"(C,£)), 

is the e-symmetric Poincare pair over A: 

(ic:aC->C"-*,(0,5(^)eQ"(zc,e)) 

where 

ic = (0, 1) : 9C = Cr+i ® C"^'' C"-''. 
The algebraic Thorn complex and algebraic Poincare thickening are inverse 
operations [Ran80| part I, Proposition 3.4]. □ 

Finally, we give the definition of a symmetric Poincare triad. This is the al- 
gebraic version of a manifold with boundary where the boundary is split into two 
along a submanifold; in other words a cobordism of cobordisms which restricts to 
a product cobordism on the boundary. Note that our notion is not c^uitc as general 
as the notion in |Ran81[ Sections 1.3 and 2.1], since we limit ourselves to the case 
that the cobordism restricted to the boundary is a product. We also circumvent 
the difficult definitions of |Ran81| . and define the triads by means of jRanSH 
Proposition 2.1.1], with a sign change in the requirement of i_ to be a symmetric 
Poincare pair. 

Definition 4.14. A (rt + 2) -dimensional (Poincare) symmetric triad is a triad of 
f.g. projective A-modulc chain complexes: 



D. 



f+ 



Y 



with chain maps i±, f±, a chain homotopy g: /_ o z_ ~ f+ ° i+ and structure 
maps {ip,Sip-,Sip+,^) such that: (C, (p) is an n-dimensional symmetric (Poincare) 
complex, 

{i+: C ^ D+,{Stp+,Lp)) 

and 

{i^:C^D.,{5^^,-ip)) 
are (n + l)-dimensional symmetric (Poincare) pairs, and 

(e : £»_ Uc D+ Y, ($, 5ip^ S(p+)) 
is a (n + 2)-dimensional symmetric (Poincare) pair, where: 

e = ( /- , (-l)'-^5 , -/+ ) : iD-)r © C.-i © iD+)r ^ F.. 
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See Definition 14.151 for the union construction, used to define {D- Uc D+,6(p- U,^ 
dip+), which glues together two chain complexes along a common part of their 
boundaries with opposite orientations. 

A chain homotopy equivalence of symmetric triads is a set of chain equivalences: 





c 


a 






£>_ 








D+ 


^ D'+ 


; and 




Y 


y 





which commute with the chain maps of the triads up to chain homotopy, and such 
that the induced maps on Q-groups map the structure maps ((^, (5<p_, <i>) to 
the equivalence class of the structure maps {ip' ,^^p'_,6lp'_^_,^'). See [RanSOi Part 
I, page 140] for the definition of the maps induced on relative Q-groups by an 
equivalence of symmetric pairs. □ 

Definition 4.15. f [RanSOl Part I, pages 134-6]) An e-symmetric cobordism be- 
tween symmetric complexes (C, ip) and (C, ip') is a (7i + l)-dimensional e-symmetric 
Poincare pair with boundary (C ® C", © — f')- 

((/c, fc). C®C'^D, (S^, ^ ® ~^') e Q"+i((/c, fc), e)). 

We define the union of two e-symmetric cobordisms: 

c = {{fc. fc)-- C(BC'^D, {Sip, ip ® ~p'))- and 

c' = {{f'c'J'c")-- C e C" ^ D', (V, ^' ® -V'")), 
to be the e-symmetric cobordism given by: 

c U c' = ((/^, ri„): C®C"^ D", {6^", ^ © -<^")), 



where: 



D'l ■.= Dr®C', ®D'- 




We write: 

{D" = D Uc D', V' = (51/3 U^/ V)- 

□ 
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3. Formulae for the diagonal chain approximation 

Trotter |Tro62] gave explicit formulae, which we shall now exhibit, for a choice 
of diagonal chain approximation map on the 3-skeleton of a K{tt, 1), given a pre- 
sentation of TT with a full set of identities. First, we recall from Definition 13.81 the 
concept of an identity of a presentation of a group. 

Definition 4.16. Let {gi, ga\ri, . . . ,rc) be a presentation of a group and let 
F ~ F{gi, . . . , be the free group on the generators gi. Let P be the free group on 
letters pi , . . . , pc , and let -0 : P*F ~^ F he the homomorphism such that ipipi) = fi 
and tpigj) = gj- An identity of the presentation is a word in ker('0) < P * F oi the 
form: 

c 

k=l 

where Sj^ = ±1. □ 

Each identity corresponds to the inclusion of a 3-handle which says that there is 
a relation amongst the relations. Recall that the word chosen matters rather than 
just the element of t:i{X) represented, to ensure that we get the trivial element 
in the free group as the image of ip. This means more care must be taken, in 
particular when finding the words Wi from 83 of Theorem 13.51 it is not enough to 
simply choose any path in the quadrilateral decomposition, but rather a path must 
be chosen such that the relevant cancellation occurs. 

Theorem 4.17 ( |Tro62| ). Let tt be a group with a presentation 

{9i,-;9a \ri,...,rb) 

with a full set of identities s,„ ~ Y[k=i '^^k'^'^jk "^Jk P'^cseniaiion. Let Y 

be a K{'n, 1), and Y its universal cover, with a handle structure which corresponds 
to the presentation and identities. The diagonal map Aq : C{Y) — > C{Y) ®z C{Y) 
can be defined on the 3-skeleton Y^^^ as follows. Let h^ be the basis elements of 
the lj[T:]-modules Ci{Y) (0 < i < 3), with 1-handles corresponding to generators 
of TT, 2-handles corresponding to relations, and 3-handles corresponding to identi- 
ties. Let a: F{gi, . . . ,ga) — > C'i(^) be given by a{v) = -^hj, using the Fox 
derivative (defined in Definition \3.3\) . Let 7: — >■ Ci{Y) (g) Ci{Y) be the unique 
homomorphism given by 7(1) ~ j{gi) = 0, and: 

(8) ^(uv) ~ 7(u) + U7(w) + a{u) ® ua{v). 

Such so-called crossed homomorphisms are well defined and can be arbitrarily pre- 
scribed on the generators [Tro62l page 472] . Then we can define: 

Aoih°) = h°(R)h° 

Ao{hl) ^ h° ® h] + h] (X) g,h° 

Ao{h]) = h'^ ® h^^ + h^^ ^ h° - -/{rj) 

C 

Ao(/if„) = h° ^h^^-^hl^®h° + J2^k{aiwk)®Wkhl-{'Wkhl®aiwk)) 

k=l 

c 

-i-^^5kWk{hl (E) a{rk)) - ^ eiwihf (g) ekWka{rk). 

k=l l</<fc<c 
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where 6k = ^(sfe - 1). 

Proof. See |Tro621 pages 475-6], where Trotter shows that these are indeed 
chain maps i.e. that 

Aq o 9 = d o Aq. 

Trotter does not state his sign conventions explicitly; however, careful inspection of 
his calculations shows that his convention for the boundary map of C* Cg) C disagrees 
with ours. We therefore undertook to rework his proof using our sign convention. 
It turned out that the only change required in the formulae was a minus sign in 
front of 7(?'j), which alteration we have already made for the statement of the 
theorem. □ 

Note in particular that with u ~ gi,v ^ 9^^ equation (jS)) implies that 7(5,"^) = 
g^^hj (g) g~^hj. When interpreting this formula and those in Theorem 14 . 1 71 we let 
TT act on C{Y) ®i C{Y) by the diagonal action. 

Example 4.18. We give the result of the calculation of 7 for a typical word which 
arises in the Wirtinger presentation of the knot group: 

li.97^9k939k^) = [gi^h] ® gr^hl) - {gr^h\ ® g^^hl) + {hi ® hi) - 

i9~'9kh] «. hi) + {g^'hi - gr^h\) ® [g-^guh] - hi). 

The following fact is now pertinent: 

Theorem 4.19. The knot exterior X and the zero framed surgery Mk (the latter 
for K not the unknot) are both Eilenberg-MacLane spaces: X 2± K(Tri{X),l) and 
Mk^K{tti{Mk)A). 

Proof. As in Remark 13.81 this follows from the Sphere theorem of Papakyri- 
akopoulos and the Schonflies theorem for X . In addition, for Mr a result of Gabai 
( jGab86| Corollary 5]) using taut foliations says that attaching the solid torus to 
X to make Mk docs not create any new elements of 7r2. □ 

Suppose that X is a 3-dimensional manifold with boundary such that both X 
and dX are K('k^ 1)s. Suppose furthermore that we have a presentation of t^i{X) 
which contains a presentation of T^iidX) as a sub-presentation, and we have a 
handle decomposition of X which contains dX as a subcomplex, corresponding to 
the presentation of iii{X). We can tensor the domain and codomain of Trotter's 
map with Z to get a map: 

Ao: a(X;Z) ^ (C(X; Z[7ri(X)])* ®z[.i(x)] C(X; Z[^i(X)])), 

so that 

\Ao([X,aX])=:^^o; \Ao([5X]) =: (^0, 

and 

d«Ao([X,OX]) = Aodc([X,5X]) = Ao((-l)'+V([9X])) 

so that the equations of Definition 14.121 are satisfied. We do not have explicit 
formulae for the higher diagonal maps A^, for i = 1, 2, 3, but at least Theorem 14.61 
ensures that they always exist. We therefore have: 

(/: C(aX;Z[^i(X)]) ^C(X;Z[7ri(X)]),((5^,^)), 

a 3-dimensional symmetric Poincarc pair, using the pull-back 7ri(X)-cover of dX. 
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4. The fundamental symmetric Poincare triad of a knot 

We now describe how to use Theorem 14.171 in order to produce the symmetric 
Poincare triad which will be the main algebraic object which we extract from ge- 
ometry via our handle decomposition, namely the fundamental symmetric Poincare 
triad of a knot. Our algebraic concordance group comprises such objects, with some 
extra data, as the elements of its underlying set. 

We proceed as follows. We first describe the symmetric structure ip on our 
chain complex of the 7ri(X)-cover of a circle iS*^, thence producing a symmetric 
Poincare complex 

(^(5^ X ^°;Z[7ri(X)]),(/je-¥.) = (C,^e-(p). 

We have two nuU-cobordisms of x S*" and two algebraic null-cobordisms of its 
chain complex 

i±: C = CXS^ X S'0:Z[7ri(X)]) ^ D^=C,{S^ x 1?^; Z[7ri (X)]). 

We show that we can consider these as 2-dimensional symmetric Poincare pairs: 

(z± : C ^ i?±, (5^± = 0, ±((p © -(p))). 

The orientation induced on the circle at either end of the cylinder is opposite, 
which is reflected by the symmetric structure on C being © —^p. The next step 
is to glue the two null-cobordisms together along their common boundary to form 
a symmetric Poincare chain complex of a torus x S^, with chain complex E := 
: C — > D_ © D+) as in Proposition 13. 171 with the symmetric structure 
defined using the union construction fPefinition 14. 15^ : 

(j> U^f^-^ 0. 

We then use the chain equivalence 77 from Proposition 13.171 to construct the push- 
forward symmetric structure on the standard chain complex of the torus, E' from 
Proposition 13.171 

{E',^' :-ry07?*). 

We also calculate the symmetric structure 0^'' which arises on E' from the formula 
of Trotter in Theorem 14.171 and compare the two. We note that (p^ — (pQ^ =^ \dx 
for the chain 

X^h\®hl + hl®hl<=,{E' ® E')3. 

This enables us to use the formulae of Trotter and our relative fundamental class 
[X, OX] from Remark 13.131 to define the symmetric structure on X: 

with 

$0 :=\{Ao{[X,dX])-x) 
so that our triad yields a symmetric Poincare pair: 

{fair- ^{{i-,i+f) = E^ C,{X; Z[^i(X)]), </>')), 

and we indeed define a symmetric Poincare triad. 

First, as promised, here is the symmetric structure on a chain complex 
C4S'i;Z[Z]). 
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Proposition 4.20. The symmetric structure on the chain complex of a circle 
C,{S^;Z[Z]), where Z[Z] =Z[t,t-^], 



is given by: 



C0(5i;Z[Z]) 



Ci(S^ ;Z[Z]) 



C\S^;Z[Z]) 




CoiS';Z[Z]) 



Z\Z] — ^ Z\Z] 



(1) 




z 

Using the homomorphisms Z — > tti{X): 

t ^ gi] and 



Z\Z\ 



t ^ 9q, 

we can form two chain complexes: 

a(5i;Z[7ri(X)]), = Z[7ri(X)] C,{S^ ;Z[Z]), 

for j = 1, q. The symmetric Poincare chain complex of the Tri{X)-cover of x 5° 
is then: 

iC,ip®-ip) = X 50;Z[^i(X)]),y.i ©-(^«) 

= (C,(5i; Z[^i(X)])i, (^1) © Z[7ri(X)])„ 

Explicitly: 




(vo)'e-(vo)'' 
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is given by: 

I -g, ) 



02 nMx)] — ^ — ^ 02 nMx)]. 

Proof. Let ft." be the 0-handle, and be the 1-handle of the circle; we use the 
same notation for the corresponding generators of C*(5'^; Z[Z]). The diagonal map 
applied to the fundamental class [5^] = l®z[z]^^ e Ci{S'^; Z) = Z(S)z[z]Ci{S^;Z[Z]) 
of the circle yields (Theorem 14. 17^ : 

Aoi[S^]) = /lO + ®z[z] th°. 

Application of the slant map to this gives us the (/Sq maps as claimed. Note that: 

dipo + ipo5 = 0. 

The map ipi = 1 arises as the solution to the equations of a symmetric complex: 
which in this case give us the equations, for r = 0, 1: 

We check these for r = 0, 1: 

ifo - Tipo = t- 1 = dtpi + = dtpi + (fiiS: Co, 

and 

ipo - Tipo ^ I - t-^ = - {t-^ - 1) = dipi - ipi5: C° ^ Ci. 

The ipo maps induce isomorphisms on the chain groups and therefore induce iso- 
morphisms on homology, so the complex is Poincare. 

Wc use the two homomorphisms to TTiiX) to reflect the two copies of as 
representing two meridians of the knot, gi and gg, which encircle the knot at differ- 
ent places. The chain complex of a disjoint union of spaces is just the direct sum 
of the chain complexes. Wc take opposite orientations on the components so that 
they arc jointly the boundary of x D^, as we shall sec presently. □ 

We now check that the complexes D± = C*(S'^ x _Dj_; Z[7ri(X)]) give two 
algebraic null-cobordisms of (C, (p ® — f)- 

Lemma 4.21. Given a homotopy equivalence 



1 

-1 
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of n- dimensional symmetric Poincare chain complexes such that f'^°{ip) = f' , there 
is a symmetric cohordism, corresponding to a product cobordism in geometry: 

((/,1): C©C"^C',(0,^©-^'))- 
This symmetric pair is also Poincare. 

Proof. We need to check that the symmetric structure maps (0, tp © G 
1)) induce isomorphisms: 

We use the long exact sequence in cohomology of a pair, associated to the short 
exact sequence 

^ C" 4 -^((Z, 1)) ^ S{C © C") ^ 
to calculate the homology H^{{f, 1)). The sequence is: 



W{C®C") 4 
Wc have that 



^Jl:lllL H''-{C") ^ Hmf, 1)) ^ H'-^{C © C) 4^:^1^111 H'-\C'). 

ker((/*, 1*)^ : i7''(C") -> i/''(C © C")) ^ 0, 
so j* is the zero map, and therefore d is surjective. The image 

im((/*,r)'^: H''-\C') ^ H''-\C) ® H''-\C')) 

is the diagonal, so that the images of elements of the form (0,y') G H^^^(C) © 
H'-^C) generate 1)). 

The map H^{{f,l)) Hn-r+i{C) generated by {0,ip © —ip'), on the chain 
level, is 



0,( / 1 



tpo 
-p'. 



(cy © (c © cy 



r' 



which sends y' G H^^^{C') to — </jg(y'). We therefore have an isomorphism on 
homology since {C',ip') is a symmetric Poincare complex. We have a symmetric 
Poincare pair 

((/,!): C©C"->C',(0,^©-^')), 
as claimed. □ 



Proposition 4.22. Recall the chain maps i±: C ^ D±: 

(51-1 



1 

1-' 



1 



= a(5i X i?i.;Z[^i(X)]): Z[^i(X)] 



Z[7ri(X)] 



.gi - 1 




1 

1-' 



02 



1 



59-1 



Z[tti{X)]. 
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These chain maps i± induce symmetric Poincare pairs: 

[i±:C^ {Sifii = 0, ±{ip © -ifi)) e Q2(i±)). 

Proof. There is no relative fundamental elass in the chain complex for D±, 
since {D±)2 = 0, so we take S(p± — 0. The reader can check that the homomor- 
phisms: 

i±{±{^s ® -V^s))i*± = 0: {D±Y {D±)i^r+s 

for r = 0,1, s = 0,1, so that the equations for a symmetric pair are satisfied. 
Lemma [4 . 2 1 1 applies here to show that the pairs are also Poincare. 

□ 



We now use the union construction of Definition 14.151 to glue the symmetric 
pairs {i±- C — > D±, {0,±{lp —'p))) together along {C,^p ffi —^p)- Recall from 
Proposition 13. 1 71 that the mapping cone 



with 



is given by: 



E := '^{{i^,i+f : C ^ D^®D+) 

Er = {D^)r e Cr-l ® {D+)r, 



where: 



91-1 \ 

1 lb' 

la' 1 

V g,^l J 



do 



-1 .91-1 -I-' 

-la' .9,-1 -1 



Recall also that the chain complex 

E' := C^S^ X S'i;Z[7ri(X)]) C ^(X; Z[7ri(X)]) 
from Proposition 13 . 1 ll is given by: 

E'2 = Z[7r,{X)] %E[=^ nMX)] %E', = %W{X)l 



where 



9i 



.91-1 

^ah — 1 



^2 = ( lah - 1 1 - 51 ) : 
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and that there is a chain equivalence rj: E ^ E': 



02 nMx)] 



■04 nMx)] 



■02 nMx)] 



(I Q \ 





V -la' ) 



■02 n-^iix)] 



Z[7ri(X)]. 



Proposition 4.23. The symmetric structure on E ~ C^,{S^ x S^;1^[tti{X)]) is: 



Uip0_,^ 0. 



The symmetric structure map (/)q : E^ * E^: 



is given by: 




02 Z[7ri(X)] 



-1 la 





/ .91 





V 



l^' 
-1 
/ 



gi/,-' 
-gg 



02 Z[7ri(X)] 5 ^ 04 Z[^i(X)] ^ 02 Z[7ri(X)] 

Taking the image 

(j)' := 7?^°(/) = r]<fn]* 
of the chain duality maps under the chain equivalence 

1]-. E ^ E', 

which maps from the chain complex of the torus split into two cylinders, to the 
smallest possible chain complex of the torus, yields the symmetric structure map 
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1>'q : E'* El as follows. 



(5i , So 

E'° ^ E'^ 



' E' 



•12 



E'2 



di 



E' 



is given by: 



r^i-^ - 1 

'fa 'a 



1 - 

■ 02 (X)] ^ ^ Z[^i {X)] 



( KX' ) 



l7-l 



9iK% 
-1 



Z[tti{X)] 



( IJb - 1 1 - .91 ) 



.91 



■02 ZklW] 



.91 - 



Proof. This is just an application of Definition 14. 151 and a calculation. Note 
that wc could also calculate the higher chain homotopies for i = 1 , 2 using the 
union construction but we do not need them explicitly here so we do not do so. □ 

We are now in the position that we have symmetric Poincare pairs 

i±: C^{S^ X 5°;Z[7ri(X)]) ^ C,{S^ x D^; Z[7ri(X)]) 

along with chain maps 

/±: C,{S^ X Z?i;Z[^i(X)]) ^a(X;Z[7ri(X)]) 

and our chain homotopy 

g: C.{S^ X 5";Z[7ri(X)]) ^ C^+i{X-Z[k^{X)]). 

In order to finish the construction of our symmetric Poincare triad we need a 
symmetric structure on C,(X; Z[7ri(X)]) which is compatible with the structure on 

dx. 

Recall that the 3-handles of our decomposition of X are ft-^ and /ig correspond- 
ing to the identities of the presentation of t:i{X): 



n 

fc=i 



1 G F{gi,..gc,n,\); 



1 e F{gi, A). 



4. THE FUNDAMENTAL SYMMETRIC POINCARE TRIAD OF A KNOT 



69 



As in Remark 13.131 the chain 

[X,dX] hl + h%^ C3(X;Z) = Z®z[.i(x)] C3(X; Z[7ri(X)]) 

satisfies 

d:,{[X,dX]) = -hi = {-lff{[dX]) G C^iX-Z), 

where / is the inclusion E' ^ C^{X; 'L['Ki{X)\). [X, dX] is the relative fundamental 
class for the knot exterior, which we shall use to derive the symmetric structure on 
the chain complex. 

Proposition 4.24. We denote the symmetric structure on C^:{X;Z[ni(X)]) by $. 
In particular, we use Trotter's formulae for Aq from Theorem |^.i7| to explicitly 
define 

$0 := \{Ao{[X, dX]) -x) = \{Ao{hl + hi) - x) 

where 

X:^h\®hl + hl®hl^ {E' E'):i 

C (a(X;Z[7ri(X)]) C,(X;Z[7ri(X)]))3. 

The higher chain homotopies (f>i for i ~ 1,2,3 also exist hut we do not give explicit 
formulae. The composition of rj with the split monomorphism 

/: E' ^C4X;Z[7Ti{X)]) 

then yields a symmetric Poincare pair 

(/ o i? = '^^((z„, j+f ) ^ C4X; Z[tt,{X)]), ($, 0)). 

Proof. We check that the equations for a symmetric pair are satisfied. We 
have: 

d{Ao{[X,dX])-x) 
= Aoid{[X,dX])) -dx = Ao{-f{[dX])) -dx = Aoifi-hD) - dx 
= Ao{-hl)-dx = -iAoihl)+dx) 
= -~{hl'»hl + hl®hl--/{XfiX^'^^i^'^)+dx) 

= -{hi ^ hi + hi® hi - {hi <g) \hl + hi® hl + h^® hl + hl(S l^''^h]^ 
-hi fihl -hi® hi -hi® \-'nhl -hi® \-^hl) + dx) 

= -{hi ® hi + hi® hi -hi® Xhl - hi® hi - hi® hi - hi® ^i^^hl 
+hl ® fihl + hl®hl + hl® A^V^iA + ^1® X^^hl + dx) 

= -{hi ® hi + hi® hi - hi® Xhl - hi® hi - hi® hi - hi® fi^^hl 
+hl ® fihl + hl®hl + hl® A"V/iA + ^1® A^^/i^ 
+hl ®{X- l)hl + hl®{l- fi)hl + hl® (A-i - l)hl 

+hl ®{fi- i)hl + hl®{i- x-')hl + hl® (/.-I - l)hl) 

= -{hi ® fihl + hl® X^^hl + hl® A^V^A - hi® hi) 
= -{hi ® fihl + hl® X^^hl + hl® liX^'^hl - hi® hi) 
= -{hi ® gihl + hl® l^X'hl + hl® gil^X'hl -hi® hi). 
Then on the one hand 

\d{Ao{[X, dX]) - x) = dHo„A(Ao([^, dX]) -x) = dHom$o = ^^^o + {-l)''^oSx, 
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while on the other hand, by comparing tlic image under the slant map of the 
result of the calculation above with the symmetric structure maps (I)'q on E' from 
Proposition 1123 we see that \d{Ao{[X, dX]) - x) = (-l)V'/>o/* = -</'o (since / 
is just the inclusion). The equations for a symmetric pair are therefore satisfied. 

To see that the pair {f orj: E ^ C,(X; Z[7ri(X)]), ($, (ff) is Poincarc, we need 
to check that the maps ($o, 4>n) induce isomorphisms H'^^^{Cf{X] Ij[t:i{X)]), E) ^ 
Hr{C^:{X\ 'L['Ki{X)])). First, since X is a i^(7r, 1), its universal cover is contractible 
so that 

7Jo(a(X;Z[7ri(X)])) -Z 

and 

7J,(a(X;Z[7ri(X)])) ^0 
for r 7^ 0. Since Ch.(X; Z[7ri(X)]) is the handle chain complex of a manifold, we 
know that Poincare-Lefschetz duality holds, and that abstractly H^~^{X,dX) = 
Hr{X). We could prove this for example using the isomorphism of singular ho- 
mology to handle homology, or more elegantly by turning the handles upside down 
i.e. we can consider a r-handlc x D^~^ as a relative (3 — r)-handle D^~'^ x D"^ 
with the handle chain complex boundary maps becoming the relative cochain com- 
plex coboundary maps. The homology 7Jo(C,(X; Z[7ri(X)]) is generated by 1 G 
Co(X;Z[7ri(X)]) = Z[ni{X)]. The mapping cone "if {for]: E C*(X; Z[7ri(X)])) 
is given, with Z[7ri(X)] coefficients used for the chain groups of X, by: 

E2 © CsiX) -^Ei(B C2{X) ^EoS) Ci{X) ^ Co{X), 

so that the cochain complex is given by: 

C°{X) ^E°® C^{X) -^E^® C'^iX) ^E^® C3(X). 

Since / is the inclusion of sub-complex, the E^ term lies in the image of /*, so 
does not generate cohomology, and in fact = (0,1) £ C^{X]'L['Ki{X)]) = 

02 Z[7ri(X)] (or (1,0)) generates i?3(c^(X;Z[7ri(X)]),£;) = Z. The element (0,1) 
is sent to 1 6 Co{X;Z[7Ti{X)]) by $o, since /i| (8) hg lies in the image of Trotter's 
Aq map applied to {h^ + hg). This completes the check that ($0,^0) induces 
isomorphisms ij3-'^(CH.(X; Z[7ri(X)]), £;) ^ 7J^(C4X; Z[7ri(X)])) for r = 0,1,2,3. 
The higher chain homotopies $i are then guaranteed to exist by Theorem 14.61 so 
that we indeed have a symmetric Poincare pair as claimed. □ 

This completes our description of the fundamental symmetric Poincare triad 
of a knot: 

{C - a(5i X 5°; Z[^i(X)]), ^ © -(^) {D- = a{S^ x Dl;Z[7ri{X)]),0) 



{D+ = X D\;Z[7:iiX)]),0) (^(X; Z[7ri(X)]), $), 

as has been the goal of Chapters [51 E] and |H 

Remark 4.25. If, as in Remark [2.2H we form the chain complex of the zero surgery 
Mk by adding two handles to our original handle decomposition for X in Theorem 
3.51 a 2-handle along the longitude using the word I and a 3-handle to fill the 
rest of the solid torus in using the words m^, then a fundamental class is given by 



4. THE FUNDAMENTAL SYMMETRIC POINCARE TRIAD OF A KNOT 71 

and this can be used directly with Trotter's Aq formulae to obtain the symmetric 
structm-e on a closed manifold. If we just want to extract a sliceness obstruction 
and do not need to add knots together then this allows a significant simplification 
of the formulae. 



CHAPTER 5 



Adding Knots and Second Derived Covers 

In this chapter we describe in some detail how to add together oriented knots, 
and translate this into addition of the corresponding fundamental cobordisms, 
which we will later apply in the algebraic setting to define addition of fundamental 
symmetric Poincare triads of knots. We will primarily be interested in working at 
the level of the second derived cover. Since in future work we hope to extend our 
results beyond this we have worked up until now at the level of the universal cover, 
however we now begin to specialise to the covering space defined by the second 
derived subgroup of the knot exterior. We make a detailed study of the behaviour 
of the knot groups under connected sum and under the operation which factors out 
the second derived subgroup. 

Experts may prefer to skip to Chapter [6] 

Definition 5.1. We form the connected sum of two oriented knots K and A'^ as 
follows. Parametrise the regular neighbourhood N{K) of a knot K as [0, 1] x — > 
X so that (0,a;) ^ (l,a;). We require that this defines a framing of the 
knot which is compatible with a Seifert surface F C X, hy which we mean that 
dF — X {(1, 0)} C 5^ X D^. The canonical orientation of [0, 1] must agree with 
the orientation of the knot. We then extend the embedding K: — > to an 
embedding K : (([0,1] x D^)/ ^ S^. Do this similarly for i^t. Then remove 
from each copy of S'^ a solid cylinder: 

K{[0,l/2]x D^) C N{K)CS^ 
KH[0,1/2]x D^) c iV(i^t) c (53)t, 

and form the closures: 

Z := cl(5n (A'([0, 1/2] X Z?2))) 
Zt := d{S^\{K^{[0,l/2]x D^))). 

Note that since [0, 1/2] x ?a D^, Z « « and 

dZ « d{[0, 1/2] X D^) « {0, 1/2} X U{o,i/2}xsi [0, 1/2] x ^ S^. 

We then identify dZ « dZ'^ in order to form the union 

~ Z Ugzs^dZf Z\ 

using the identification which inverts the first coordinate, so that our addition 
produces another oriented knot, as follows: 

A'((0,a;)) ^ K\{l/2,x)) for x G D^- and 

K{{t,y)) ^ A-t((l/2 ~ t,y)); t £ [0,l/2],y G = dD\ 
The knot AT jj AT^ is then given by 

A'([l/2, 1] X {0}) U;f({i/2,ijx{0}) K\[l/2, 1] X {0}) C Z Uoz^dz^ ~ S\ 
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□ 

Wc study the effect of connected sum on the knot groups using the Seifert-Van- 
Kampcn Theorem. 

Proposition 5.2. Denote by X'^ := c\{S^ \ N{K ^ K"^)) the knot exterior for the 
connected sum = K^K'' of two oriented knots. Let gi,gl be chosen generators 
in the fundamental groups 7ri(X;a;o) and 7ri(X^;xJ) respectively, generating pre- 
ferred subgroups (gi) ^ Z < tti{X;xo) and {g\) ^ Z < ■ki{X^;Xq). Recall that 
the basepoints xq, Xq are chosen to lie in the boundaries. X^ admits a decomposition 
as: 

where x C dX, dX^ , are cylinders in the boundaries of X and X'^ chosen so 
that if we deform gi and g\ so that they lie in dX and dX'^ respectively, then the 
images of gi and g\ coincide with the boundary component 5^ x {1} o/ the closure 
of the subsets x in dX and dX'^ , and {l}x{l}. In addition, 

they should be chosen so that the orientation on K agrees, whereas that on K'^ 
disagrees, with the orientation of in x . The subset x C dX'' has 
the orientation of reversed from the orientation on the x which was used 
in the identification of Definition \5.1\ 

Proof. This is an apphcation of the definition of connected sum to the knot 
exteriors. The effect of Definition 15.11 is to glue the two knot exteriors together 
along a copy of 5^ x in each of the boundaries. For definiteness we choose these 
to include the basepoint and certain specific generators of the fundamental groups. 
With the boundary of X split into two we can visualise this by considering the knot 
exterior to be \ {D"^ x D^), with boundary: 

\ {b^ X S^) U51X50 xD^ kS^ y. Ugixso x x . 

We then identify half of the boundary of each of X and X'^ as shown in Figure [1] 

□ 

Proposition 5.3. The knot group for a connected sum K K"^ is given by the amal- 
gamated free product of the knot groups of K and , with our chosen meridians 
identified: 

7ri(Xt) = 7ri(X) *z 7ri(Xt), 

so that gi ~ gl. 

Proof. We make use of the decomposition of X^ from Proposition 15. 21 above, 
and apply the Seifert-Van Kampen theorem to open subsets U,V C X'^ where U 
is an extension of X to include a collar neighbourhood of x in X'': X is a 
deformation retract of U. The advantage of U is that it is an open set. Similarly 
we take V to be an extension of X^ into X . We therefore have that 

Now, 7Ti{U) = 7ri(X) and 7ri(y) = tti{X^). For the intersection we have 

U nV ^ X b^ X i s\ 

so that 

miunv) = TTi{S^) = Z ^ (t). 
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Let iu,iv ■ U r\V ^ U,V he the inclusion maps, with 

(i[/),,(iy),: Z = ^i(C/nl/) ^7ri(X),^i(Xt) 
the induced maps on fundamental groups. We have: 

{iu)*{t) = 51 ; and 
{iv)*{t) = g\. 

Note that we arranged the basepoints of U, V and U HV to coincide. The Seifert 
Van-Kampcn theorem then implies that 

[[iu)*[t)[iv)*[t) ^) 

as claimed. □ 

We are aiming to specialise to the case of the second derived cover of the 
knot exterior: we now investigate the structure of the relevant quotient of the 
fundamental group. 

Definition 5.4. The derived subgroups G^"-* of a group G, also denoted G' = G^^\ 
G" = G(2) et cetera, are defined inductively via 

G(°) := G; G*") ~ [G'"-^\ G*"^^)], 

where as usual square brackets indicate the commutator subgroup. □ 

Lemma 5.5. For any knot K , the longitude I satisfies I £ ■ki{X)^'^^ = ■ki{X)" , the 
second derived subgroup of the knot group. 
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Proof. By definition of the zero framing, the longitude I hes in a Seifert 
surface for the knot K, that is some choice of a compact, connected, orientable 
surface C such that dF = K. The longitude is isotopic to K in via an 
isotopy which moves across an annulus in the regular neighbourhood of the knot. 
A Seifert surface is homeomorphic to a surface of genus g, for some g, with a single 
boundary component. Therefore F is homotopy equivalent to a wedge of circles 
V20 "^^i ^'^ '''i(^) — * ^, generated by curves ai, . . . , a„ and their geometric duals 

61, ... , b2g. The longitude, the element of 7ri(i<") which represents the boundary of 
F n X, is the product of commutators 

/ = [ai, 61] [02, 62] • ■ • [ag,bg]. 

Now, 

generated by a meridian of the knot. The isomorphism Hi{X;'Z,) ^ Z is given 
by the linking number with K, which can be calculated by counting, with signs, 
transverse intersections of the cycle with a Seifert surface. An element x S tti (X) 
represents the zero cycle in _ffi(X;Z) if and only if it has linking number zero 
with the knot, but also if and only if it lies in 7ri(X)', by the Hurewicz theorem. 
The commutator subgroup therefore consists of those loops which do not link with 
the knot. The image of the generators of 7ri(_F) under the inclusion induced map 
: T^i{F) — !■ TTi{X) have linking number zero with the knot, since they can be 
pushed off the Seifert surface along the trivial normal bundle of F C X so as not 
to intersect it at all. This means that I G Tri{X)" as claimed. □ 

Complementary to this lemma, note that if the Alexander polynomial of K is 
not equal to 1, then the longitude does not lie in tti^X)'" , as shown in |Coc041 
Proposition 12.5]. Since we already know by work of Freedman |FQ90[ Theo- 
rem 11.7B], that knots with Alexander polynomial one are slice, in all interesting 
cases we have l^lE tti{X)^^^ /Tri{X)'-^\ 

Proposition 5.6. Let (f> be the quotient map 

^ TTi{X) 7ri(X) 



1. 



^' 7ri(X)(2) 7ri(X)(i) 
Then for each choice of homomorphism 

such that (j) o Tp = Id, there is an isomorphism: 

^■^^;{xw ' 

where H := Hi{X;'L\L]) is the Alexander module. In the notation of Proposition 
[5JI and denoting W := HiiX'' and := Hi{Xi;Z[Z]), the behaviour of 
the second derived quotients under connected sum is given by: 

That is, we can take the direct sum of the Alexander modules. 
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Proof. The first statement follows from the exact sequence of groups: 

^l(^)' ^l(^) Tll{X) 

^i{X)" 7ri(X)" ^ 7ri(X)'- 

Note that 7ri(Xoo) = 7ri(X)' since loops which link the knot lift to paths in X^o 
with end points in different sheets of the covering. Therefore tti^X)' /-ki{X)" = 
7ri(Xoo)/7ri(Xoo)' = Hi{X^;Z) ^ Hi{X;Z[Z]) = H. After making a choice of 
isomorphism 7ri(X)/7ri(X)' ^ Z, which we make using the orientation rule and 
our Conventions 12.161 so that the isomorphism is given by linking number, the 
above short exact sequence therefore yields 

Tri(X) 

Since Z is a free group, the sequence splits. We call by 4>: 7Ti{X)/tti{X)" — > Z 
the surjection from this sequence, and let the splitting be given by a map ?/) : Z ^• 
7ri(X)/7ri(X)" such that 

f := V(l), 
(j) o tp = Id. We therefore have a map 

given by 

We claim that 9 is an isomorphism. Note that (j){gt^'^^3^) = <j){g) — (j){g) = 0, so by 
exactness we have an element of tii{X)' /tti{X)" ~ H . We therefore have that is 
an injection. To see that it is a surjection note that 

{n,h) = {n, {he)t~'^) = e{hr) 

for n € Z, h E H < Tri{X)/'Ki{X)" . We also check that 6' is a group homomorphism. 
Suppose e{gi) = (n,5it~") and e{g2) = {m,g2t~"^). 

Oigm) = {cp{gig2),gig2t-'^^'''-'^) = {n + m^g^g^r^'-n- 

The action of ti G iTi{X)/TTi{Xy = Z on G ■ni{X)' / tti{X)" which occurs in the 
semi-direct product is by conjugation: 

(n,h) ^ f'ht-'^. 

Therefore: 

(n, g) ■ (m, h) = {n + m, gr/ii"") G Z k . 

which yields: 

0{gi)0{g2) = («,git-") ■ (m,.g2t-") = (n + m,, gii-"(r(g2t-™)t-")) = 

(n + m,,9i.g2t"""'") = ^(<?i52). 
This action by conjugation corresponds to translating in the infinite cyclic cover, so 
if Z ^ {t), then the action of Z on _ff = Z[t, is by (left) multiplication 

by t. The group element t corresponds to our chosen meridian for a knot as in 
Proposition [5?2l Considering Z ~ {t) and H &s & left Z[i, t^^]-module, we can write 
the multiplication of Z k iJ as: 

{e,g)-{f'\h)^{e+-^,g + eh). 
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To see how the second derived quotients of tlic fundamental groups add under 
addition of knots we take the quotient of the conclusion of Proposition 15.31 by the 
second derived subgroups. Note that H, W and are modules over the group ring 
Z[t, for the same i, which comes from the preferred meridian of each of X, X'^ 
and X'^ respectively; when the spaces are identified these meridians all coincide. 

7ri(Xt) 



^xty 



(tti{X) *z 


7ri(Xt))" 




7ri(Xt) 




*^ ^i(Xt)" 


H) *: 


z (Z K i/t) 



[7ri(X)',^i(Xt)'] 



[7ri(X)',7ri(Xt)'] 



We now need to be sure that the two group elements which we identify, gi and g[, 
map to (1, 0) £ Z X and (1,0^) S Z k i?''' respectively under the compositions 



and 



If we had chosen 



mixy 



and 



then this would be the case and we would have: 

(Z K H) *z (Z K i/t) 
[^i(X)',7ri(Xt)'] 

^ ZK(i?ei7t), 

and the proof would be complete. The point is that we can always arrange that the 
image of 171 is (1, 0) by applying an inner automorphism of Z k i7, and similarly for 
g\ and ZkH''. Recall ( jLev77[ Proposition 1.2]) that l~t acts as an automorphism 
of H. We can therefore choose h[ G H such that (1 — t)h[ — hi. Then we have 
that: 

{0,h[)-\l,hi){0,h[) = {0,~h[){l,hi){0,h[) 
= {l,-h[ + hi){0,h[) 
= {l,-h[ + hi+th[) 
= {l,hi-{l-t)h[) 
^ (l,/ii-/ii) = (l,0). 



5. ADDING KNOTS AND SECOND DERIVED COVERS 



79 



So, as claimed, we can compose the splittings ip and with suitable inner automor- 
phisms and so achieve the desired conditions on the meridians which we identify. 
Therefore the second derived quotients of the fundamental groups indeed add under 
connected sum as claimed. □ 

Remark 5.7. The fact that we can use an inner automorphism in the proof of 
Proposition 15.61 will be useful in the next chapter when we wish to show that our 
fundamental symmetric Poincare triad does not depend on choices, in particular 
the choice of group elements gi and la- all possible choices are related by a suitable 
conjugation. 



CHAPTER 6 



A Monoid of Chain Complexes 

We are now ready to define a set of purely algebraic objects which capture 
the necessary information to produce concordance obstructions at the metabelian 
level. We define a set comprising 3-dimensional symmetric Poincare triads over the 
group ring Z[Z K H] for certain Z[Z]-modules H. We have shown explicitly how to 
construct these objects, starting with a diagram of a knot. In some sense, we are to 
forget that these chain complexes originally arose from geometry, and to perform 
operations on them purely with reference to the algebraic data which we store with 
each element. The primary operation which we introduce in this chapter is a way 
to add these chain complexes, so that we obtain an abelian monoid. On the other 
hand, we would not do well pedagogically to forget the geometry. The great merit 
of the addition operation we put forwards here is that it closely mirrors geometric 
addition of knots by connected sum. 

Our elements, representing the knot exteriors, are essentially algebraic Z- 
homology cobordisms from the chain complex of the cylinder x to itself, 
all over the group rings Z[Z k H] over the semi-direct products which arise as the 
quotients of knot groups by their second derived subgroups, with H an Alexan- 
der module (Theorem 16. 2[) . The crucial extra condition is a consistency condition, 
which relates H to the actual homology of the chain complex. Since the Alexander 
module changes under addition of knots and in a concordance, this extra control is 
vital in order to formulate a concordance obstruction theory. 

Remark 6.1. Even though we work at the level of the second derived quotient, 
we maintain the notation for group ring elements of the universal cover. While this 
introduces a certain amount of redundancy at this stage, we consider this a small 
price since it leaves the way open for generalisation further up the derived series in 
future work. 

We quote the following theorem of Levine, specialised here to the case of knots 
in dimension 3, and use it to define the notion of an abstract Alexander module. 

Theorem 6.2 ( |Lev77j ). Let K be a knot, and let H := Hi{Mk;Z[Z]) ^ Hi{Xoo;'Z) 
be its Alexander module. Take Z[Z] = Z[t,t~^]. Then H satisfies the following 
properties: 

(a) : The Alexander module H is of type K: that is, H is finitely generated 
over Z[Z], and multiplication by 1 — t is a module automorphism of H . 
These two properties imply that H is 'L\E}^-torsion. 

(b) : The Alexander module H is Z-torsion free. Equivalently, for Z[Z]- 
modules of type K, the homological dimensio"^ of H is 1. 



This is defined as the minimal possible length of a projective resolution. 
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(c): The Alexander module H satisfies Blanchfield Duality: 
H = Ex4[^](i7,Z[Z]) - Ex4[2](i7,Q(Z)/Z[Z]) = Honi^[z] (i/, Q(Z)/Z[Z]) 

where H is the conjugate module defined by using the involution defined 
hy t ^ t~^ to make H into a right module. 

Conversely, given a "L^LYmodule H which satisfies properties (a), (h) and (c), there 
exists a knot K such that Hi{X; Z[Z]) = H . 

We say that a Z[Z]-module which satisfies (a),(b) and (c) is an Alexander 
module, and denote the class of Alexander modules by A. 

Remark 6.3. Note that if Z[Z] were a principal ideal domain (PID), then (b) 
would be immediate since any module over a PID has homological dimension 1. 
The ideal (2, 1 + t) <\ Z[Z] is not principal and docs not contain 1, so Z[Z] is not 
a PID. Nevertheless Levine shows that classical Alexander modules are Z-torsion 
free. Levine |Lev77j defines Blanchfield duality; see also jKea75a] or |Fri03j for 
excellent accounts of the Blanchfield pairing; the original reference is jBla57| . We 
will define Blanchfield pairings algebraically in Proposition (TU^l 

We now give the definition of our set of symmetric Poincare triads. 

Definition 6.4. We define the set V to be the set of equivalence classes of triples 
{H,y,^) where: H £ A is an Alexander module; 3^ is a 3-dimensional symmetric 
Poincare triad of finitely generated projective Z[Z k iJ]-module chain complexes of 
the form: 



with chain maps i±, chain maps f± which induce Z- homology equivalences, and a 
chain homotopy g: /_ o ^ /_)_ o : C* — > Y*+i; and 

is a Z[Z]-module isomorphism. We give model chain complexes and symmetric 
structures for C, D± and for the chain maps i±, which define the chain equivalence 
classes of these complexes. To exhibit representatives for these chain equivalence 
classes, we denote bygi = GZxi/a specified element, and require two 

elementf0 la and lb of Z tK H such that lah = 1 G Z k i?. We denote by 

9q L ^9lla, 

which implies that also: 

9q = hgilh^- 



•^We maintain the superfluous notation If, for la ^ in order to keep the notation of the universal 
;r as promised in Remark l6.ll 
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A model for (C, ipc = ® — f)' 




is given by: 



02 X H] 



9i' - 1 

- 1 



■ ©2 Z[Z X H] 



02 ^[^ X H 




.91 

-9, 



02 Z[Z K H]. 



The corresponding models for (-D-, 0) and (-D+, 0), with the chain maps i_ and i+, 
are given by: 



.91-1 



Z[Z X H] 



1 



C 02 Z[Z X i?] 



,91-1 
3,-1 



Z[Z X iJ] 



( 5, - 1 ) 

The chain complexes -D± arise by taking the tensor products 

Z[Zxff] ®z[z]a(5^Z[Z]), 
with homomorphisms Z[Z] — !■ Z[Z x H] given by: 

t ^ gi 

for D- and 

1 1-> 



1 



02 Z[Z K i7] 



Z[Z K 
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for £)+. There is therefore a canonical chain isomorphism w: D- — >■ 

-(^-)o 



given by: 



Z[Z K H] '''' ; Z[Z X 



Z[Z K iJ] > Z[Z X H]. 

We require that the maps 5ip± have the property that wSip^w* = —Sipj^, and that 
there is a chain homotopy 

^: /+ otx7 ~ /_. 

This imphes that objects of our set are independent of the choice of /_ and f+ . 

We take the symmetric structure on our models for D± to be zero; 5ip± = 0, 
so wc do not show this in a diagram. For the models we therefore have that 
wSip^vj* ~ — We recapitulate the definition of a symmetric Poincare triad 
(Definition I4.14p . It means that: 

i±: C D±, {5Lp±,±ipc) 

are symmetric Poincare pairs, and that we have a symmetric Poincare pair 

{t^: E ■.= ^{{i^,i+f : C ^ ® D+) ^Y,{5^_ U^^ 5^+,^)) 

with rj defined by the chain map: 



{-i-,dc,~i+) 



(I?_)i©Co®(i5+)i 



{dE 



iD^)o®{D+)o 



Y2 



{f^,g,-f+) 



(/-.-/+) 



Yo, 



with 

Od^ i- 
i+ dn^ 

The maps f± must induce Z-homology isomorphisms; note that _ff*(Z C>5z[ZKff] 



idEh 



(/±)* : H,{Z ®ziZxH] D±) ^ H,{Z ®z[z^h] Y). 
We call the condition that the isomorphism 

i: H ^ H^mi] ®z[ZKH] Y) 
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exists, the consistency condition, and we call ^ the consistency isomorphism. 

We say that two triples {H,y,£^) and 3^^% ^^") are equivalent if there 

exists a Z[Z] -module isomorphism ui : H ^ which induces a ring isomorphism 
Z[Z IX 77] Z[Z X H'^"], and if there exists a chain equivalence of triads 

y. Z[Z Ki?^"] ®z[Zxif]3^->3^^°, 
such that the following diagram commutes: 

H 1 ^ ifi(Z[Z] ®^z^H] Y) 



H 



% 



Hi{Z[Z] 



The induced map on Z[Z] -homology makes sense, as there is an isomorphism 

Z[Z] - Z[Z] Z[Z X i/^"], 

so that 



Hi 



Y)^Hi 



^ni^H-y-] X h"^"] ®m<^H] Y). 

This is an equivalence relation: symmetry is seen using the inverses of the vertical 
arrows and transitivity is seen by vertically composing two such squares. □ 

Proposition 6.5. Given a knot K, with the quotient 7ri(X)'^^)/7ri(X)(^) =: H 
considered as a Z,[Z]-module via the action given by conjugation with a meridian, 
taking the fundamental symmetric Poincare triad y of K as constructed in Chapters 
00 OTIC? and the geometrically defined canonical isomorphism 

C-.H^ ffi(X;Z[Z]) = i/i(Z[Z] «.z[ZKffl Y), 

we define an element {H,y,^) G "P. 

Proof. Wc can define 

Y := C(X;Z[Z x H]) := Z[Z x H] ®zi-.,{x)] C{X;Z[tti{X)]), 

using Theorem l3.12[ with gi,la and It the images in TTi{X)/Tri{X)^^^ of their original 
incarnations in Chapter[31 see Proposition l3.15] for the definitions of la and /;,. Take 
{C,ipc), iD±,6(p±) and i± to be the models as defined in Definition 16.41 or indeed 
(for TTi{X) coefficients) in Propositions l3.14[ 13.151 HT^ and lT^ Define the map r] 
and therefore the maps f± and g as in Proposition l3.17l and the symmetric structure 
$ on = C*(X; Z[Z K iJ]) to be as given in Proposition 11211 We have that 

/_ = (1,0): {D.),^ElcY, 

for i = 0, 1, and 

f+ = {l-\0): {D+),^EicY, 
for i = 0, 1. Also, VD = (la) ■ {D-)i — > so /+ otu = /_ and we can take ^ — 0. 

It is important that our objects do not depend on choices, so that equivalent 
knots define equivalent triads. Different choices of la and lb depend on a choice of 
the letter p in Proposition l3.15l this affects these elements only up to a conjugation, 
or in other words an application of an inner automorphism, which means we can 
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vary C, D+ and /+ by a chain isomorphism and obtain chain equivalent triads. A 
different choice of element gi ~ (1, hi) E Z t< H is related by a conjugation, or in 
other words an application of an inner automorphism, as in the proof of Proposition 
15. 6[ so that we can change C, D± and Y by chain isomorphisms and obtain chain 
equivalent triads. The point is that we need to make choices of 171 and of la in 
order to write down a representative of an equivalence class of symmetric Poincare 
triads, but still different choices yield equivalent triads. We investigate the effect 
of such changes on the consistency isomorphism ^. A change in la does not affect 
the isomorphism ^. A change in gi affects <^ as follows. When we wish to change 
the boundary maps and chain maps in a triad by applying an inner automorphism, 
conjugating by an element /i G Z x say, we define the chain equivalence of triads 
3^ y'^" which maps basis elements of all chain groups as follows: ei ha: y'^° 
has the same chain groups as y but with the relevant boundary maps and chain 
maps conjugated by h. This induces an isomorphism which by a slight abuse of 
notation we denote /i* : Hi{Z[Z] ®z[ZkH] Y) A i?i(Z[Z] ^^")- We take 

Lo: H ^ H'^" = H as the identity. In order to obtain an equivalent triple, we 
therefore take S/^" — h^ o ^. 

An isotopy of knots induces a homeomorphism of the exteriors X ^ X'^" which 
itself induces an isomorphism 

uj: 7ri(X)(i)/7ri(X)(2) =H^ 7ri(X°''")(i)/7ri(X^")(2) = 

Likewise the isotopy induces an equivalence of triads Z[Z k H'^"] ®z[1v.h\ y 
y"^". The geometrically defined maps ^ and fit into the commutative square as 
required in Definition 16.41 

We finally have to show that the conditions on homology for an clement of V 
are satisfied. First, Z ^z^xi/] D± is given by 

Z -^^ Z, 

which has the homology of a circle. Alexander duality or an easy Mayer- Vietoris 
argument using the decomposition of as X Ugx^s^xsi ^ shows that 
i/*(C*(A";Z)) = H^,{S^;Z), with the generator oi Hi{X;Z) being any of the merid- 
ians. So the chain maps Id (X)z[ZKff]/± : Z (g) D± — >■ C*(Ar;Z) induce isomorphisms 
on homology, given as they are on the chain level by inclusion maps of direct sum- 
mands: see the map 77 from the proof of Proposition 13. 171 

The consistency condition is satisfied, since we have the canonical Hurewicz 
isomorphism H ^ Hi{X;Z[Z]) as claimed. Therefore, we indeed have defined an 
element of 7^. □ 

We now define the notion of addition of two triples {H,y,£^) and {H^ ,y^ , ^'') 
in v. In the following, the notation should be transparent: everything associated 
to y^ will be similarly decorated with a dagger. 

Definition 6.6. We define the sum of two triples 

{H^,yi,e)^iH,y,0UH\y\e), 

as follows. The first step is to make sure that the two triads are over the same 
group rmg. Define := H ® W . We define the pull-back group: 

(Z X H) xz (Z X H^) := e (Z x i?) x (Z x H^)\cj){g) = c/y^g^) e Z}. 
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For any choice of splitting maps ip: Z — Z k iJ and t/j^ : Z — )- Z k (see Proposition 
15.61 for the notation) we can define an isomorphism 

S: (Z X iJ) xz (Z K ff^) ^ Z x {H®H^) 

by 

There are obvious inclusions: 

Z K iJ ^ (Z X ff) xz (Z X H^). 

and 

Z X iJ^ ^ (Z X F) Xz (Z X ijt); 

which, when composed with the isomorphism S, using 

^-(1) = ,91 = (1,0) G Z X 

and 

=gl = (1,0^) e Z X i/^ 
in the definition of S, enable us to form the tensor products 

Z[Z X H^] ®z[ZKff] y 

and 

Z[Z X ijt] ®z[ZKHt] 3^^ 

so that both symmetric Poincarc triads are over the same group ring as required. 
This will be assumed for the rest of the definition without further comment. 

The next step is to exhibit a chain equivalence, in fact a chain isomorphism: 

We show this for the models for each chain complex, since any C, which can occur 
is itself chain equivalent to these models. In fact, for the operation of connected sum 
which we define here, we describe how to add our two symmetric Poincarc triads y 
and using the models given for i± : (C, (pc) {D±,6(p±) and Zj_ : {C^ ,(p(ji) — 5- 
{D'l,6ipl^) in Definition Ell since by definition there is always an equivalence of 
symmetric triads mapping to one in which C, and have this form. To achieve 
this with 5i = (1, 0) = g\ we may have to change the isomorphisms ^ and as in 
the proof of Proposition [631 

The chain isomorphism u: Cl — s- C* : 



ci — — -a 
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is given by: 



02 Z[Z X Hi] 



gl-i 



02 Z[Z K Hi] 



1 

{lirx 



1 

(iirx 



,91-1 

02 Z[Z X Hi] ^ 02 Z[Z K Hi]. 

In order to see that these are chain maps we need the relation: 



which, since by definition 



and 



g{ = gi e Z X Hi 

9q = C^9l'a 

9l = {ilr'glil 



implies that 



9, = laXglillr'la- 

We can also use this to calculate that i'{ipi © —(pi)i'* ~ (p (B — V'- 

Recall that we also have a chain isomorphism vj : Dl_ = D_ — !■ Dj^- 



dl 



given by: 



Z[Z IK Hi] - Z[Z X Hi] 



Z[Z X Hi] '''' ^ Z[Z X fft]. 



We now glue the two symmetric triads together. The idea is that we are follow- 
ing the geometric addition of knots, as in Proposition l5.21 where the neighbourhood 



6. A MONOID OF CHAIN COMPLEXES 



89 



of a chosen meridian of each knot gets identified. We have the following diagram: 



(y,$) 




{D+,0 = 5ip+) 



(L>L,0 = Sipl) 




(yt,$t) 



where the central square commutes. Wc then use the union construction from 
Definition 14. 151 to define y^: 



where: 



(rt,**). 



so that 



iDi,S^l) :=p_,(5^_ =0); 
{Dl,6^i) :=p;,dV^ =0); 



r,* :=n ® (i?^),_i©i;t; 

/ {-lyf+om 
\ rfyt 



dyt 



fi 



f- 






: {Dl)r = {Dl)r ^ Yi ^Yr® iDi)r-i © ; 
/+ / 

/ $s 
$i := ($ U, t = 000 

\ $t 



(0 < s < 3); 
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The mapping cone is of the chain map (— /+ o -nj, /l)-^, with a minus sign to 
reflect the fact that when one adds together oriented knots, one must identify the 
boundaries with opposite orientations coinciding, as described in Definition 15.11 so 
that the resuhing knot is also oriented. 

We therefore have the chain maps given by: 



[Z K Hi] 



.91-1 



■ Z[Z X Hi] 



I — 2_ OV 



Ci = Ct ©2 ^ Hi] 



1* -it 



g\-i 



02 Z[Z X Hi] 



[Z K Hi] 



which means we can take: 

gl ■■= gl= gi elx Hi = Zx {H ® H^) 
ll:=li^eZK Hi; and 



Z[Z X Hi], 



so that 



ll:=llelK Hi, 



gi -gleZKHi. 



We have a chain isomorphism zui : = Z?^ — s> . To construct a chain homo- 
topy 






/I o 
we first use: 

We then have a chain homotopy given by: 




f- 








./I 



Id I : {Dl)a yi = Fi ® (i^^)o ® 




6. A MONOID OF CHAIN COMPLEXES 



91 



and 



which shows that 








We finally have 

( f+°^ 
fi: 
V 

Combining these three homotopies yields 

I 

This completes our description of the symmetric Poincarc triad 

We now need to check that the two homological conditions are satisfied for this 
triad, so that we indeed still have an element of P, and the sum operation is 
well-defined. For the Z-homology condition, we have a mapping cone operation to 
construct which has an associated short exact sequence of chain complexes: 

r © '^((-/+ o fif) = Yi ^ sdI -> o, 

so there is therefore a Z-homology Mayer- Vietoris long exact sequence: 
H3{Y;Z) ® H3{Y^:Z) ^ HsiYi;!.) ^ H2{dUz) H2{Y;Z) ® H2{Y'' ;Z) ^ 

Since H^S^-^Z) = H^dUz) A H4Y;Z) = i?,(yt;Z) we deduce from this 
sequence that also H^,{Y^; Z) = H^,{S^; Z). Since we also have isomorphisms 

(/_)*: i/,(-D_;Z) ^i?,(r;Z) 

and 

ifl),: H,{dI;Z) ^H4Y^;Z), 

and since the homology of Y^ is generated by either of the generators of Ht{Y; Z) 
or H^:{Y'';Z), amalgamated as they are by the gluing operation, we indeed have 
induced Z-homology isomorphisms: 

(/i)»: i/,(Z ^z[z^Ht] Di) ^ H^Z ®z[ZKHt] Y^) = H4S';Z) 

as claimed. To check the consistency condition we only need look at the following 
part of the sequence, with Z[Z] coefficients: 

Hi{dI:Z[Z]) Hi{Y;Z[Z])®Hi{Y'^;Z[Z]) i^b^^ Hi{Y^]Z\Z]) ^ 

Ho{dUz[Z]) 
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Since kcr((t - 1): Z[Z] Z[Z]) = we have that Hi{dI;Z[Z]) = so that there 
is an isomorphism: 

Hi{Y;Z[Z]) ® Hi{Y'';Z[Z]) ^ Hi{Y^;Z[Z]) 
Composing this map with the isomorphism: 

^ ^ : H ® ^ ^ Hi{Y;Z[Z]) (B Hi{Y^;Z[Z]) 

yields an isomorphism 

^ H,{Y^;Z[Z]), 

which shows that the consistency condition is satisfied and defines the third element 
of the triple 

This completes the definition of the addition of two elements of 7^. □ 

Lemma 6.7. Chain homotopic chain maps f c^i g: C ^ D have chain isomorphic 
mapping cones. 

Proof. Let fc: / ~ 5: C D be the chain homotopy. We have a chain 
isomorphism of the mapping cones: 

dc 

Dr © Cr-1 >-'Dr-l Cr-2 



Id (-l)'-+lfc 

Id 



do (-1)^-^5 
dc 



Id (-l)''fc 
Id 



D^ — l © Cr- 



with inverse given by: 

Id (-l)''fc 
Id 



□ 



Proposition 6.8. The sum operation on V is abelian, associative and has an 
identity, namely the triple containing the fundamental symmetric Poincare triad 
of the unknot. Therefore, {V,f,) is an abelian monoid. Let "Knots" denote the 
abelian monoid of isotopy classes of locally fiat knots in under the operation of 
connected sum. Then we have a monoid homomorphism Knots — > V. 

Proof. Associativity is straight-forward. If we add three triples 

{H,y,ouH',y,auH'\y",n 

together, then the Alexander module will be © i?' © H" , no matter the order of 
addition. The mapping cones which add the complexes Y, Y' and Y" together are 
associative operations, and the extra data will be C" , D'j_, g'^ ,1'^ and I'j^ no matter 
the order in which we choose to perform the addition. 
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The identity element is given by the fundamental symmetric Poincare triad of 
the unknot, which we denote y'^ , in the triple ({0}, y'^ , Id{o}). That is, = {0}, 
so all the chain complexes comprise Z[Z]-modulcs. We can take = t, and 
= 1^ = 1. The chain map and complexes i^: (C^,<^g) {Dl,d(p1 = 0) are 
given by the models of Definition 16.41 with gi = = t. The chain complex for 
(yU^ <^u ^ jg ^Yie same as that for 



(t-i) 



with the maps: 



Id 



so that g'^ = 0. When wc form the sum {H\y\C^) := {{0}, y , Id {o}) UH,y,0, 
we have that = H, and the tensor operation has the effect of identifying t = gi. 
This means performing the sum operation as described in Definition 16.61 yields 



(4 : 



{i±: C — > D±),ll ~ la and if = lb- The map w. D- 



the identity map so we do not include it in the notation here and take 
The chain complex for F^, defined as the mapping cone of (— /+ , /-)"^, is given by: 



I3- 
where 

with 
and 



fl 



( f+ \ 

do^ 



(5yt)l 



dyu -f^ 
/- dy 



I : {Dl)r = {D^_)r ^ Y} = ® {D_)r-l © Yr 







I : {Dl)r = {D+)r ^ Y} = Y^ © © Y^. 



Since = Id, this chain complex is chain equivalent to Y via the chain map: 



Y. 



Y. 



{D^)^®Y2 



( 0, Id 
Id) 
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■Y. 



9z5_ 

dy ) 



Y^®{D^)a®Y^ 



f-o{f^)-\ 0, Id 



Y^ 



( /- ° {m 



U\~l 



,Id 



'Yo 



■Yn 
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with chain homotopy inverse: 

d3 



O2 



Yi 



Yo 



Id 



Y3 





Id 



I2 



f f+ \ 

do- 



( ^ \ 


V Id / 




Id 



^Y^®{D^),®Y,^^^Y,^ 



Y^. 



The chain homotopy which shows the composition of these chain maps is homotopic 
to the identity chain map is given by: 



p^)o®Fi; 




and 



-{fir^ 
00 



Y 



'Y 



Under this chain equivalence, the map : — > Y^ becomes 



Y, 



which makes sense since = = after the identification t = gi, and means 
that we obtain once more the chain map /_ : D- Y. Therefore addition with 
the triple containing the fundamental symmetric Poincare triad of the unknot acts 
as identity, so we have a monoid as claimed. 

We now show that our monoid is abelian. Suppose that we have two triples 
{H,y,i^) and {H\y\£^^) as before, and we form the sum of these in two ways. 
Taking the sum y tt y'' yields the triad: 



( ° ^ 


V /I / 



D. 



( \ 


V j 

'r((-/+ot.7,/in 



where 



<r((-/+ O flf)r ^Yr(B {Dl)r-1 ® YJ . 
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On the other hand, taking the sum 11 y yields the triad: 



D 





V / 



■^^((-/|otnt,/_n 



where 



/ \ 


V /+ / 



-fl O Vj\f.f)r = © {D-)r-l ® Yr. 



We exhibit chain equivalences which induce the desired morphisms on symmetric 
structures. First, we have the chain isomorphism: 

which we saw in Definition 16.61 induces v'^''{lp'^ © = ® Since gi — g[, we 
have that 

D_ = 

We then check that: 

(il o v^^) o J/ = i_ o J/, 

i.e. that: 

= «- o 

which translates to: 

iir' ) = ( (/ir^/a ) ( 

Next, we have a chain isomorphism: 
We check that: 

VJ o (^w^)~^ o = o 

which translates to: 



( ) ( i'lr' ) ( o ^ ( ; ) 



Next, we use Lemma 16.71 to obtain the first two chain equivalences of the following: 



96 



6. A MONOID OF CHAIN COMPLEXES 



The last two chain equivalences are simply given by swapping orders and changing 
the signs. Explicitly, the chain isomorphism from Lemma 16.71 which gives us the 
first two equivalences is 

Id {-ly+^fi \ 

Id ] ■.Yr®iDi)r-ieYj ^Yr®iDl)r-l(BYj. 

(-1)'-+V^ Id / 
The last two chain equivalences are given by the map: 
Id \ 

-Id \ ■.Yr(B{Dl)r-l(SY^^ ^Y^^ ®iD^)r-l®Yr 

Id / 

so that when these are all combined we have a chain equivalence 
given by: 

(-I)''+i/it Id \ 

- Id ] -.Yr® iDl)r^l ffi r,,^ ^ Y^^ ® (D-)r-l © Yr- 

Id (-1)"+V / 
Note that the induced map on Q-groups sends the symmetric structure: 



$.0 

$t 



Y3-r+s ^ (^Dly-r+s ^ (yt)3-r+. ^ ^ ® (0 < S < 3), 

to the symmetric structure: 

/ $t 
$t Us^_ $=000 
V $,s 

(yt)3-r-+. ^ (£,_)2-r+,s ^ y3-r+s ^ y^f ^ © (0 < S < 3), 

as required. 

We now check that this chain equivalence commutes, up to homotopy, with the 
maps of the triads. First, we need to show that 





V J 



Dl 



( (-1)''+V^ Id \ 
-Id 

V Id {-ly+^ii / 



( f- \ 



V j 
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commutes up to homotopy. As we saw in Definition 16.61 the two maps which occur 
in the mapping cone are homotopic: 









(,=: 


I- 











We then use /i''^ to see that: 



fl o 





/I 






so that the square above commutes up to homotopy as claimed. Similarly we require 
that the following diagram also commutes up to homotopy: 



Dl 



( ^ \ 


V fl I 



( Id \ 

-Id 

V Id (-i)''+V / 



( ^ \ 



V /+ / 



First, we have: 



f^OVJO {w^ ) 






f- 



Then since, again as in Definition 16.61 

fl 






f- 



floujt 



n{-jlo^\f_Y\ 



we have that: 






/+ o tu o {tjJ*) 





f- 



fl ° tnt 






fl 






as required. This completes the description of the equivalence of symmetric Poincare 
triads: 

z[z K (i/t © i/)] ®z[zx(//®fft)] iy^y^)^yHy. 

To see that we have an equivalence of triples: 
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note that the following two diagrams commute: 



e 




■i?i(r;Z[z]) ®i?i(yt;Z[z]) 



Id 
Id 



and 

iii(r;Z[z]) ©iJi(yt;Z[z]) - 







Id 
Id 



i/i(yt;Z[z]) ®i?i(r;Z[z]), 



■ i7i(Z[Z] €5z[zxift] m-f+ ° ^, f^-V)) 



Id 
Id 



Id® 



V 



/ i-iy+^fj.^ M\\ 

-Id 

Id (-ir+v )) 



■i/i(Z[Z] ®z[z,Ht] ^^((-/t otnt,/_)^)). 



i?i(rt;Z[z]) ©Hi(y;Z[z]) — 

Combining the two gives us the required commutative square to show that we have 
an equivalence of triples. We have therefore defined an abelian monoid of symmetric 
Poincare triads as claimed. 

Our operation of connected sum of Defimtion l6.6l performs a gluing construction 
which precisely mirrors the geometric gluing construction of Definition 15.11 and 
Proposition [521 in that we identify the neighbourhoods of a meridian of either knot 
in order to combine the fundamental cobordisms of two knots to form their sum. 
The algebraic sum is well-defined, in that it does not depend on a choice of meridian, 
as shown by the chain homotopies fi and fi^ and Lemma |6 . 71 which says that chain 
homotopic maps have isomorphic mapping cones. Furthermore, an equivalence of 
knots, or a different choice of handle decomposition of our knot exterior, or of the 
chain level diagonal approximation A which we use in the symmetric construction, 
produces equivalent fundamental symmetric Poincare triads. As in the proof of 
Proposition 16. 5[ different choices of gi and la also yield equivalent triads: these 
choices were only necessary to explicitly write down the model chain complexes. 
We therefore have a well defined liomomorphism of abelian monoids Knots V 
as claimed. □ 

Remark 6.9. We hope that our method of adding knots together algebraically 
is an improvement on previous methods. The common geometric method (see e.g 
[Gil83( pages 313-4]) is to add a zero framed unknot which links both knots to 
a diagram, and then show by Kirby moves that this is a surgery diagram for the 
zero framed surgery on the connected sum. One can then calculate the effect of 
a single surgery on homology groups. As well as operating at the level of chain 
complexes rather than on the level of homology, our method keeps a tight control 
on the peripheral structure. It also has the advantage that it does not simply 
define algebraic addition by direct sum. This would crucially destroy the property 
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of being a Z-homology circle; rather we combine the generators of the Z-homology 
in our gluing operation to preserve this property. See jRan03( section 4] for the 
expression of the high-dimensional knot concordance groups as certain Witt groups 
with addition by direct sum. In order to do this Ranicki formally inverts the 
element 1 — < of the group ring Z[Z] = Z[t,t~^], which has the effect of killing the 
meridian of the knot algebraically, so that it is then not necessary to identify the 
meridians in the addition operation. In the high-dimensional setting we work over 
the group ring Z[Z], since any high-dimensional knot is concordant to one whose 
knot group is just Z. As this is absolutely not the case with knots in dimension 
3, this procedure does not analogously apply when we work further up the derived 
series than 7ri(X)/7ri(X)(^'' = Z. Our remedy is this more sophisticated addition 
of symmetric triads. 

It is a special feature of the monoid of homology cylinders from x to 
itself that it is abclian. Sec e.g. |CFK10i] for a definition and study of homology 
cylinders. The monoid of homology cylinders from a surface F to itself, where F 
is not homeomorphic to x D^, will not typically be abclian. The feature here is 
that the product cobordism of the boundary x S*" is also two copies of x D^, 
so that the boundaries can be slid around by an isotopy to swap them: this is the 
geometric idea behind the homotopy which we used to represent the fact that the 
element of V is independent of the choice of /_ and /+ . 

The next step is to impose a further concordance relation on our monoid of 
symmetric Poincare triads, and so turn it into a group. First, we motivate the 
algebraic concordance relation which we will introduce by recalling some knot con- 
cordance theory, in particular the work of Cochran-Orr-Teichner jCOT03] . which 
was the principal motivation for this present project. 



CHAPTER 7 



The Cochran-Orr-Teichner Filtration 

The work of Cochran-Orr-Tcichner is the main background and motivation for 
this present work. We aim to capture their obstruction theory using our symmet- 
ric Poincare triads, so in this chapter we present a survey of their advances in 
knot concordance, as is principahy contained in the main Cochran-Orr-Teichner 
paper |COT03] . We also give, in l7.13[ the definition of the Cochran-Orr-Teichner 
obstruction set, which we denote COT^c/i.5)- The definition of the second level 
Cochran-Orr-Teichner obstructions depends on a choice. The purpose of this set is 
to encapsulate the obstructions which result from all possible choices into a single 
algebraic object. 

In order to make this chapter self-contained there is some overlap with the 
introduction. This chapter owes a lot to lectures of Kent Orr which I attended in 
Heidelberg in December 2008 and to lecture notes of Peter Teichner from San Diego 
in 2001 which Julia Collins and I typed up |Tei01j . 

Experts may wish to skip to Chapter [SJ and then return to Definition 17.131 in 
order to read Chapter [TUl 

Definition 7.1. jFM66| An oriented knot K : C is topologically slice if there 
is an oriented embedded locally fiat disk C D"^ whose boundary dD^ C dD'^ = 
is the knot K. Here locally flat means locally homeomorphic to a standardly 
embedded g R^^ 

Two knots Ki, K2 : G are concordant if there is an embedded locally fiat 
oriented annulus x I C x I such that d{S^ x I) is Ki x {0} C x {0} 
and — A'2 X {1} c x {1}. Given a knot K, the knot —K arises by reversing 
the orientation of the knot and of the ambient space S^: on diagrams reversing 
the orientation of S'^ corresponds to switching under crossings to over crossings 
and vice versa. The set of concordance classes of knots form a group C under the 
operation of connected sum with the identity element given by the class of slice 
knots, or knots concordant to the unknot. □ 

1. The geometric filtration of the knot concordance group 

Definition 7.2. We recall the definition of the zero-framed surgery along K in 
S^, Mk- attach a solid torus to the boundary of the knot exterior X = cl(S'^ \ 
(if (S*^) x D'^)) in such a way that the zero-framed longitude of the knot bounds in 
the solid torus. 

Mk :=XU5ixsi x S^. 
The homology groups of Mk are given by: 

H,{Mk;I') = 1 for i =^ 0,1,2,3; 
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and are otherwise. Hi{Mk','Z) is generated by a meridian of the knot, and 
H2{Mk', is generated by a Seifert surface for K capped off with a disc in x S^. 
The fundamental group is given by: 

where as before / G T^ii^) represents the longitude K. □ 

Cochran-Orr-Teichner |COT03] defined a geometric filtration of the knot con- 
cordance group which revealed the depth of its structure. The filtration is based 
on the following characterisation of slice knots: notice that the exterior of a slice 
disc for a knot X is a 4-manifold whose boundary is Mk- where the extra x S*^ 
which is glued onto the knot exterior X is the boundary of a regular neighbourhood 
of a slice disc. 

Proposition 7.3. A knot K is topologically slice if and only if Mk bounds a 
topological 4^-nianifold W such that 

(i) : i, : Hi{Mk','^) — > Hi{W;'L) where i: Mk '-^W is the inclusion map; 

(ii) : -ff2(VF;Z) ^ 0; and 

(iii) : 'Ki{W) is normally generated by the meridian of the knot. 

Proof. The exterior of a slice disc D, W := c\{D'^ \ {D x -D^)), satisfies 
all the conditions of the proposition, as can be verified using Mayer- Vietoris and 
Seifert- Van Kampen arguments on the decomposition of into W and D x D^. 
Conversely, suppose we have a manifold W which satisfies all the conditions of the 
proposition. Glue in x to the x part of Mk- This gives us a 4-manifold 
W with H^(W']Z) = H^{D^;Z), tti(W') ^ and dW = S^,so K is slic e in W. 
We can then apply Freedman's topological /i-cobordism theorem |FQ90| to show 
that W « D'^ and so K is in fact slice in D^. □ 

To filter the condition of sliceness with a geometric obstruction theory, Cochran- 
Orr-Teichner look for 4-manifolds which could potentially be changed to make a 
slice disk exterior. We start with a 4-manifold W with dW = Mk which satisfies 
conditions (i) and (iii) of Proposition 17.31 and aim to perform homology surgery 
with respect to a circle; that is we aim to perform surgery on embedded 2-spheres 
in W in order to kill H2{W;Z) and obtain a Z- homology circle. Typically classes 
in H2(W; Z) will be represented by immersed spheres or embedded surfaces of non- 
zero genus rather than by embedded spheres. We can measure how close we are 
to being able to kill H2{W\1) by surgery by looking at the middle-dimensional 
equivariant intersection form: 

A: H2{W;'L['r:i{W)]) x iJ2(W^; Z[7ri(W^)]) Z[7ri(lF)]. 

Using coefficients in 7ri(M^) allows us to detect surfaces and their intersections. 
The next problem comes from the fact that there can be a large variation in iriiW) 
for different choices of W . In order to define an obstruction theory, Cochran-Orr- 
Teichner take representations which factor through quotients by elements of the 
derived series to fixed groups r,i_i: 

P„-i:.i(H^)->^^^(^^r„_, 
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If there is an embedded surface N C W with 7ri(iV) <! tti(W)^'"\ called an (n)- 
surface, then as far as the nth level intersection form 

A„: H2(W;Z[TTi{W)/7TiiWn x //2(VF; Z[7ri(VF)/^i(VP^)(")]) 

^Z[7ri(M^)/^i(W^)(")] 

can see we have an embedded sphere. Of course it may not actually be embedded, 
but in this way Cochran-Orr-Teichner obtain calculable obstructions. For n = 1, 
this is essentially the Cappell-Shaneson technique for obstructing the concordance 
of high-dimensional knots 5*™ C ^ Wg ^qw give the definition of the Cochran- 

Orr-Teichner filtration: 

Definition 7.4. [COT031 Definition 1.2] A Lagrangian of a symmetric form 
X: P X P — i?ona free i?-module P is a submodule i C P of half-rank on 
which A vanishes. For n e No := N U {0}, let A„ be the intersection form, and 
fj,n the self-intersection form, on the middle dimensional homology H2{W^"''> ]Z) = 
iJ2(M^;Z[7ri(VF)/7ri(VF)(")]) of the nth derived cover of a 4-manifold W, that is the 
regular covering space corresponding to the subgroup 7ri(M^)(") < 7ri{W): 

A„: H2iW;Z[7Ti{W)/7TiiWn x i/2(VF; Z[7ri(W^)/^i(W^)(")]) 

-^Z[Tri{W)/7Ti{Wn 

An {n)- Lagrangian is a submodule oi H2{W; Z[7ri(VF)/7ri(M^)^")]), on which A„ and 
fin vanish, which maps via the covering map onto a Lagrangian of Ao . 

We say that a knot K is (n) -solvable if Mk bounds a topological spin 4-manifold 
W such that the inclusion induces an isomorphism on first homology and such that 
W admits two dual (n) -Lagrangians. In this setting, dual means that A„ pairs the 
two Lagrangians together non-singularly and their images freely generate H2{W; Z). 

We say that K is {n.5) -solvable if in addition one of the (n)-Lagrangians is the 
image of an (n -f 1)-Lagrangian. □ 

Remark 7.5. This filtration of the knot concordance group relates strongly to 
geometric filtrations using gropes and Whitney towers (see |COT03l Section 8] for 
more information), objects which feature prominently in the theory of the classifi- 
cation of 4-manifolds (see e.g. |FQ90| ). A slice knot is (n)-solvable for all n e No 
by Proposition 17.31 and it is hoped, but not known to be true, that if a knot is 
(n)-solvable for all n then it is topologically slice. 

A knot is (O)-solvablc if and only if its Arf invariant vanishes, and (0.5)-solvable 
if and only if it is algebraically slice i.e. its Scifert form is null-concordant. 

The size of an (n)-Lagrangian is controlled only by its image under the map 
induced by the covering map — > in H2{W]Z)] the intersection forms 
of are typically singular due to the presence of the boundary Mk- The 

requirement roughly speaking is that we have a Lagrangian of A„ on the non- 
singular part of H2 (W^(") ; Z) . We can sec from the long exact sequence of a pair that 
the intersection form is non-singular on the part of H2{W^"'> ; Z) which neither lies in 
the image under inclusion of i?2(9M^*'"^; Z) nor is Poincare dual to a relative class in 
iJ2(VF("), Z) which has non-zero boundary in Hi{dW^'''> ■,Z). The existence 
of a dual (n)-Lagrangian means that we have a non-singular part of sufficient size. 
The dual (n)-Lagrangian maps to a dual Lagrangian of Ao , implying that the form 
Ao is hyperbolic on H2{W;Z) (see |COT03[ Remark 7.6] for the required basis 
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change), which is a necessary condition if we wish to modify W by surgery into a 
homology circle. 

Note that H2{W;'Z) is a free module since if it had torsion this would ap- 
pear in H^{W;Z) by universal coefficients. However H^{W]1) is isomorphic to 
Hi{W, Mk;"^) by Poincare duality, which is zero by the long exact sequence of a 
pair since the inclusion of the boundary Mk into W induces an isomorphism on 
first homology. 

The dual classes are very important. When looking for a half basis of embed- 
ded spheres, or perhaps just of (n)-surfaces, as candidates for surgery, or when 
looking for embedded gropes, we can use the duals to remove unwanted intersec- 
tions between surfaces by tubing between an intersection point and the intersection 
of one of the surfaces with its dual - see jCOTOSl Section 8]. If we achieve a 
half basis of framed embedded spheres, when doing surgery on a such a 2-sphere 

X D^, and replacing it with x S^, without the existence of dual classes 
we would create new classes in Hi{W;Z). This would ruin the condition that 
: Hi{Mk\ — > Hi(W] 1) is an isomorphism, which is necessary for a 4-manifold 
to be a slice disc complement. 

We ask for the 4-manifold to be spin so that the self-intersection forms can 
be well-defined on homology classes of iJ2(W^^"^; - see jCOTOSl Section 7]. The 
self-intersection form is crucial in surgery theory for keeping track of the bundle 
data. The Cochran-Orr-Teichncr obstructions do not depend on it and we have not 
yet included it into our algebraic framework, but hope to achieve this in the future 
in order to capture the geometric (n)-solvability criteria as closely as possible. 

Our aim in chapter |8] will be to introduce an algebraic concordance relation on 
the elements of V which closely captures the notion of (1.5)-solvabilit}Q. Just as 
Gilmer |Gil83| defined a grou]5j which aimed to capture the algebraic concordance 
group of Levine |Lev69| and the Casson-Gordon invariants |CG86| in a single 
algebraic object, we aim to define a group which captures the Cochran-Orr-Teichner 
filtration levels of (0), (0.5), (1) and (1.5)-solvability in a single stage, in the sense 
that the Cochran-Orr-Teichner obstructions vanish if a knot is algebraically (1.5)- 
solvable (again, a notion to be defined in chapter |8]) which in turn holds if a knot 
is geometrically (1.5)-solvable. 

2. The Cochran-Orr-Teichner obstruction theory 

We now describe the obstruction theory of Cochran-Orr-Teichner |COT03] 
which they use to detect that certain knots arc not (1.5)-solvable - and indeed in 
|CT07j that certain knots arc (n)-solvablc but not (ri.5)-solvable for any n S Nq, 
but we focus on (1.5)-solvability for this exposition. To define their obstructions, 
Cochran-Orr-Teichner have representations p of the fundamental group 7ri(7\jf/^) of 
Mk which extend to representations of tti{W) for (l)-solutions W: 

ni{MK) ^TTiiW) 




r 



We hope that this relation will generalise to capture the notion of (n.5)-solvability for any 
n G No - see Appendix lAl 

^Although unfortunately IFri03l page 43], there is a gap in Gilmer's proofs. 
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where dW = Mk and 

r==ri :=z IX 

their universally {l)-solvable group, where, to define the semi-direct product, n G Z 
acts by left multiplication by t". The representation: 



is given by: 

g^{n:= ^{g), h := gt-^^^^) ^ {n, Bl(p, h)), 

where 0: ■ki{Mk) Z is the abelianisation homomorphism and t is a preferred 
meridian in t:i{Mk)- The pairing Bl is the Blanchfield form (Definition [7]ni below), 
and p is an element of Hi{MK]Q[t,t~^) chosen to lie in a metaboliser of the 
Blanchfield form so that the representation extends over the 4-manifold W (see 
Theorem rr?)) . 

Definition 7.6. The rational Blanchfield form is the non-singular Hermitian pair- 
ing 

Bl: Hi{MKMn) X Hi{MKMn) ^ Q(Z)/Q[Z] = Q(t)/Q[t, i"^] 
which is defined by the sequence of isomorphisms: 



77i(Mk;Q[Z]) a H\MkMA) ^ H\Mk ■,Q(Z)/Q[Z]) 

^HomQ[2](i/i(AfK;Q[Z]),||||). 

The first isomorphism is Poincare duality: this involves the involution on the group 
ring to convert right modules to left modules. The second isomorphism is the 
inverse of a Bockstein homomorphism: associated to the short exact sequence of 
coefficient groups 

is a long exact sequence in coliomology 

The homology Hi{MK',Q[t,t^^]) is a torsion t^^]-module, with the Alexander 
polynomial annihilating the module. As a Q[i, f:~^]-module, Q{t) is flat, so 

Then on the one hand universal coefficients, since Q{t) is a field, and on the other 
hand Poincare duality, shows that: 

and 

which together imply that Bockstein homomorphism 13 is an isomorphism. The 
final isomorphism: 

H\Mk;Q{Z)/Q[I.]) ^ HomQ[z](i/i(MA';Q[Z]),Q(Z)/Q[Z]) 
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is given by the universal coefficient theorem. This apphes since Q[Z] is a principal 
ideal domain. To see that the map is an isomorphism we need to see that: 

Ext^[z](i/o(Mif;Q[Z]),Q(Z)/Q[Z]) - 0. 

Now, Q(Z)/Q[Z] is a divisible Q[Z]-modulc, which implies that it is injective since 
Q[Z] is a PID (see |Ste75[ 1.6.10]). Wc can calculate the Ext groups using the 
injective resolution of Q(Z)/Q[Z] of length (see |HS71[ IV.8]), which implies 
that 

Ext^Qj^,(AQ(Z)/Q[Z])-0 

for j > 1 for any (Q[Z]-modulc A; in particular this holds for A = i?o(A^A'; <Q[Z]). So 
indeed we have an isomorphism from the universal coefficient theorem as claimed 
and the rational Blanchfield form is non-singular. For the improvements neces- 
sary to see that the Blanchfield form is also non-singular with Z[Z] coefficients see 
|Lev77j . 

We say that the Blanchfield pairing is metabolic if it has a metaboliser. A 
metaboliser for the Blanchfield form is a submodule P C Hi{Mk; QiZ]) such that: 

P = P^ := {v e Hi{Mk; Q[Z]) I B\{v, w) ^ for aU w e P}. 

□ 

One of the key theorems of Cochran-Orr-Teichner is |COT03l Theorem 4.4]. 
They show, using duality, that the kernel of the inclusion induced map: 

^, : i7i(AfK; Q[Z]) -> Q[Z]), 

for (l)-solutions W, is a metaboliser for the Blanchfield form. This then implies 
that choices of p e iJi(M/^; Q[Z]) control which representations of the form of p 
extend over the (l)-solution, where p is in the definition of p. Choosing p & P, where 
P is a metaboliser for the Blanchfield form, is necessary for the representation to 
extend to '!Ti{W). This is very useful for applications, since the Blanchfield form 
can be calculated explicitly for a given knot; one method [Kea75b] calculates the 
form in terms of a Seifcrt matrix. The philosophy is that linking information in 
the 3-manifold controls intersection information in the 4-manifold. Note that we 
require that the Blanchfield form is metabolic, i.e. that the first order obstruction 
vanishes, in order for the representation p and thence the second order obstruction 
to be defined. This is the weakness of homology pairings which we avoid by working 
at the chain level. We give the proof of the following theorem in full since it is a 
crucial argument and since we will need to construct an analogous argument in due 
course from our chain complexes. 

Theorem 7.7 ( |COT03| Theorem 4.4). Suppose Mk is {l)-solvahle via W. Then 
if we define: 

P := kcvii,: HiiMK;Qm) ^ ffi(VK; Q[Z])), 

then the rational Blanchfield form Bl of Mk is metabolic and in fact P = P^ with 
respect to Bl. 

Proof. Before proving the theorem, Cochran-Orr-Teichner state in their Lemma 
4.5, whose proof we only sketch, that the sequence: 

TH2{W, Mk; Q[Z]) A Hi{Mk;Q[Z]) ^ Hi{W; Q[Z]) 
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is exact, where TH2 denotes the torsion part of the second homology. The idea is 
that the (l)-Lagrangian and its duals generate the free part of H2{W; More 
precisely, the existence of the duals is used to show that the intersection form: 

Xi : H^iW; Q[Z]) ^ HoniQ^^;] (i/2(M^; Q[Z]), Q[Z]) 

is surjective. We consider those classes in H2{W, Mk;Q[Z]) which map to zero 
under the composition of Poincare duality and universal coefficients: 

Since the first map is an isomorphism and the final group is free, the kernel of 
this composition is torsion. An clement p of ker(i,) lifts to a relative class x G 
H2(W; Mk] We can remove any part of this which comes from H2{W; Q[Z]) 

without affecting the boundary of x. Choose 

y e X^\Kix)) C H2iW;Qm), 

and let be its image in H2{W, Mk] Then x — i*{y) lies in the kernel of 

K, so is therefore torsion. The boundary of x — j*{y) is still p. This completes our 
sketch proof of |COT03| Lemma 4.5]. 

Next, we construct a non-singular relative linking pairing on the 4-manifold 
with boundary W . 

Prei-TH2{W,MKMn) X Hi{W;Q[Z]) ^ Q(Z)/Q[Z]. 

This is defined in a similar manner to the Blanchfield pairing on M^', we use the 
composition of isomorphisms: 

T H2{W, Mk ; Qm) ^TH^{W;Q[Z]) ^ H\W,Q{Z)/ Q[Z]) 

^HomQp](i7i(M^;Q[Z]),|H) 

where as before these are given by Poincare duality, a Bockstein homomorphism, 
and the universal coefficient theorem. To see that the second map is an isomor- 
phism, as before we have a long exact sequence with connecting homomorphism 
given by the Bockstein: 

H\W;Q{Z)) ^ H\W;Q{Z)/Q[Z]) \ H^{W;Q[Z]) ^ H^{W;Q{Z)). 

[CUTOSl Proposition 2.11] says here that H\W;Q{Z)) ^ 0, while H^{W;Q{Z)) 
is Q[Z]-torsion free, so it follows that we have an isomorphism: 

b-'^:TH'^{W;Q[Z]) ^ H^{W,Q{Z)/Q[Z]). 

The universal coefficients argument for the final map runs parallel to the corre- 
sponding argument for Mk in Definition 17.61 

We now make use of our non-singular pairings Bl and Prei in the following 
commuting diagram: all coefficients are taken to be Q[Z] and the functor is the 
Pontryagin dual: 

:= HomQ[q(.,Q(Z)/Q[Z]). 
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We have: 



TH2{W,Mk) 



d. 



Hi{Mk) 



■Hi{W) 



BI 



Hi{Wr H,{MkT TH2{W, Mk^. 

Wc have shown above that the rows are exact and that the vertical maps are 
isomorphisms. We show that P := kcr(i*) C P^. Let x,y ^ P. Then 

i^,{x) = 

so there is a. w G TH2{W, Mk; Q[Z]) such that d{w) = x. By commutativity of the 
diagram above have that: 

i^o/3,,,(M;) =Bl(aH) =Bl(x). 

But also: 

O Prel{w) = j3rel{w) O 

which implies that: 

Bl(a;) = Preiiw) o «*, 

so 

Bl(a;,2/) = Bl(x)(2/) = prei{w){i,{y)) ^ /3„i(w)(0) = 

since also y G P. Therefore x € P-^ and P C P^. 

We now show that P'^ C P. Since P = ker(i*) we have an induced monomor- 
phism: 

i,: H,{MK;Qm)/P ^ H,{W;Q[Z]) 
As in Definition 17.61 Q(Z)/Q[Z] is a divisible Q[Z]-module, so it is injective since 
Q[Z] is a PID (see jSte75[ 1.6.10]). This means that taking duals, we have that: 

i^: /fi(M^;Q[Z])^ ^ (i/i (A/^; Q[Z])/F)^ 

is surjective. Let x G P^, so by definition Bl(a;, y) — for all y E P. Therefore we 
can lift Bl(a;) e Hi{Mk\ Q[Z])^ to an element of (ifi(Mif ; Q[Z])/P)^ and therefore 
to an element of HiiW] Q[Z])^ since i'^ is surjective. As Bl(x) e im(z^), and since 
the vertical maps of our diagram above are isomorphisms, we see that x G im(9). 
This means that a; G P by exactness of the top row, so P^ C P as claimed. □ 

|COT03l Theorem 3.6] then shows that the representations p: tti{Mk) T 
with p G P extend over tti{W). 

Remark 7.8. Note that we deliberately work over the PID (Q)[Z] in the above 
argument, and that this is vital for the deductions in several instances. There is 
always the problem in knot concordance that we do not know that : Tri{Mx) — > 
TTi{W) is surjective. For ribbon knot exteriors W, this is the case, but otherwise 
we cannot guarantee a surjection. 

In the case that ^^, were surjective for (l)-solutions W, ni{W) would be simply 
a quotient of 7ri(M), and then there would be no need to localise coefficients; we 
would have that: 



P := ker(i,: Hi{Mk;Z[Z]) ^ Hi{W]Z[Z])) 
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is a metaboliser for the Blanchfield form on i/i(A/if ; Z[Z]). However, one main 
reason for considering coefficients in Q[Z] is that there could conceivably be Z- 
torsion in Hi{W;Z[Z]), in which case the best we could hope to show is that 
P C P'^. In order to get a metaboliser wc need to introduce: 

Q -.^{x e Hi{Mk;Z[Z]) \nx e P for some n e Z}. 

Then Q — with respect to the Blanchfield form (^ |Fri03[ Proposition 2.7], 
see also |Let95| ). For the proof of Theorem 17.71 above however, this means we 
lose control on the size of P; the zero submodulc also satisfies P C P^ . If 
i* : 7ri(M) iriiW) is onto, then as in [Fri03| Proposition 6.3], there is no Z- 
torsion in Z[Z]). Since we only know this to be the case for ribbon knots, 

Cochran-Orr-Teichner localise coefficients in order to get a principal ideal domain 
Q[Z]. Since it is intimately related to the ribbon-slice problem this problem of 
Z-torsion is often also referred to as a ribbon-slice problem. 

Now suppose that there is (l)-solution W . Then for each p E P = ker(i*) we 
have a representation 

p: TTi{W) = 1t< (Q(Z)/(Q[Z] 

which enables us to define the intersection form: 

Ai: H2{W;W) X i/2(M^;Qr) ^QF. 

is a manifold with boundary, so in general this will be a singular intersection 
form. To define a non-singular form we localise coefficients: Cochran-Orr-Teichner 
use the non-commutative Ore localisation to formally invert all the non-zero ele- 
ments in QF to obtain a skew-field K,. 

Definition 7.9. A ring A satisfies the Ore condition, which defines when a multi- 
plicative subset S" of a non-commutative ring without zero-divisors can be formally 
inverted, if, given s £ S and a € A, there exists t Cz S and b £ A such that at ~ sb. 
Then the Ore localisation S^^A exists, li S ^ A — {0} then S^^A is a skew-field 
which we denote by IC(A), or sometimes just /C if yl is understood. □ 

See [Ste75[ Chapter 2] for more details on the Ore condition. Ore localisation 
is flat so 

H2{W; IC) ^ JC ®Qr H2{W;QT). 

The idea is that if the homology of the boundary Mk vanishes with K, coefficients, 
as is proved in jCOTOSl Section 2], then the intersection form on the middle 
homology of W becomes non-singular, and we have defined an element in the Witt 
group of non-singular Hermitian forms over K.. Moreover, control over the size of 
the Z-homology translates into control over the size of the /C- homology of ly. To 
explain how this gives us a well-defined obstruction, which does not depend on the 
choice of 4-manifold, and how this obstruction lives in a group, we define L-groups 
and the localisation exact sequence in L-theory. 

Definition 7.10 ( [RanSO] 1.3). Two n-dimensional £~symmetric Poincare finitely 
generated projective A-module chain complexes {C,(p) and {C',ip') are cobordant 
if there is an (n + f )-dimensional £-symmetric Poincare pair: 

(/,/'): C(BC' ^D,{6^,^(B~v'). 
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The union operation of Definition 14 . 1 51 shows that cobordism of chain complexes is a 
transitive relation. The equivalence classes of symmetric Poincare chain complexes 
under the cobordism relation form a group L"{A,e), with 

(C, ^) + (C, ^{C(BC',^(B ^'); ~ic, ^) = (c, ~^). 

As usual if we omit £ from the notation we assume that £ = 1. In the case n = 0, 
L^{A) coincides with the Witt group of non-singular Hermitian forms over A. □ 

Note that an element of an L-group is in particular a symmetric Poincare chain 
complex. This means that the intersection forms of our 4-manifolds W typically 
give elements of L"(^) but not of L°(Qr). 

Definition 7.11 ( |Ran8l| Chapter 3). The Localisation Exact Sequence in L- 
theory is given, for a ring A and a multiplicative subset S which satisfies the Ore 
condition, as follows: 

> ^ Ui;{S~^A) ^ S) L"-i(A) ^ • • • . 

The relative L-groups S) are defined to be the cobordism classes of (n — 1)- 

dimensional symmetric Poincare chain complexes over A which become contractible 
over S~^A, where the cobordisms are also required to be contractible over S~^A. 
For n = 2 this is equivalent to the Witt group of S*"^ A/A- valued linking forms on 
of the chain complex. 

The decoration S on UglS'^A) refers to a restriction on the class of modules 
involved in the chain complex. Recall that, for a ring A, Kq{A) is the Grothendieck 
group of isomorphism classes of finitely generated projective modules over A. A 
ring homomorphism g: A ^ B induces a morphism g: Kq(A) Kq(B) via [P] i— > 
[B (g)A P]. The reduced A'o-groups are given by Ko{A) := A'o(A)/ im(JCo(Z)). We 
define the subset 

S im(g: K„{A) ^ Ko{S-^A)) C K„{S-'A). 
We require that a chain complex (C, (p) G ^^{S^^A) satisfies that the image of 

i 

in ^'0(5*"^^) lies in 5 C Ko{S~^A), so that an element (C, ip) £ £5(6'"^) is chain 
equivalent to S~^{D,(j)) := {S^^Ai^^a D,ld®(j)) for a chain complex D over A: D 
is symmetric over A but may not be Poincare over A, so may not lift to an element 
of L"(A), as we shall see below. 

The first map in the localisation sequence is given by considering a chain com- 
plex over the ring A as a chain complex over 5*"^^, by tensoring up using the 
inclusion A — >■ 5*"^^.. The effect of this is that some maps become invertible which 
previously were not; when n = 4, which is our primary case of interest, the bound- 
ary 3-dimensional chain complex, if it has torsion homology modules, becomes con- 
tractible and the middle-dimensional intersection form of the 4-dimensional chain 
complex C* {W, Mk\ K.) becomes non-singular, so that we have a 4-dimensional sym- 
metric Poincare complex. The symmetric chain complex C*(VF, M^f ; QP) docs not 
typically lie in the image of this map, since its intersection form only becomes non- 
singular after localisation. We say that a symmetric chain complex is /C-Poincare 
if it is Poincare after tensoring with K.. 

The second map is the boundary construction: by definition of the S decoration 
of Ug^S^^A) there is a chain complex which is chain equivalent to (C», (p), in which 
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all the maps are given in terms of A. We may therefore assume that we have a 
symmetric but typically not Poincare complex (C* , ip) over A, and take the mapping 
cone '^{ifo- C"~* — > C,). This gives an {n — l)-dimcnsional symmetric Poincare 
chain complex over A which becomes contractible over S~^A, since (po is a chain 
equivalence over S~^A, i.e. we have an element of L"{A, S). In our case we consider 
again n = 4, and take C* = C, (VF, Mk; QP); the boundary construction then yields 
a complex which is chain equivalent to C^{Mk] QP)- 

On the level of Witt groups, this map sends a Hermitian A- non-singular 
intersection form over A, 

(L, A; L L*), 

to the linking form on coker A : L ^ L* given by: 

z{x) 

{x,y) ^ ^-^ 
s 

where x,y G L* , z G L, sy = X{z) }Ran81| pages 242-3]. 

The third map is the forgetful map on the equivalence relation; it forgets the 
requirement that the cobordisms be contractible over 5*"^^, simply asking for al- 
gebraic cobordisms over A. □ 

The obstruction theory of Cochran-Orr-Teichner, for suitable representations 
tti{Mk) P, detects the class of C*(Mif ; QP) in ^^(QP, S), where ^ := QP - {0}; 
we have an invariant of the 3-manifold Mk which does not depend on the choice of 
4-manifold. The first question we ask, corresponding to (l)-solvability, is whether 
the chain complex of Mk bounds over QP. Supposing that it does, i.e. supposing 
that we have a (l)-solvable knot, we have a chain complex in 

ker(i4(Qr,5) ^l3(QP)), 

so we can express the group detecting that there is no /C-contractible nuU-cobordism 
of a(Mif;QP) as 

L4(/C)/im(i4(QP)); 

as noted above the intersection information of a 4-manifold is intimately related to 
the linking information of its boundary 3-manifold. 

The (l)-solution W defines an element of Lg{IC) by taking the symmetric /C- 
Poincare chain complex 

a [W, Mk;JC) = JC ®Qr {W, Mk; QP). 

The image of L''(QP) represents the change corresponding to a different choice of 
4-manifold W: the obstruction defined must be independent of this choice. Since 2 
is invertible in the rings K. and QP, we can do surgery below the middle dimension 
[RanSOi Part I, 3.3 and 4.3] to see that our invariant lives in 

im(LO(QP))- 

Taking two choices of 4-manifold W, W with boundary Mk and gluing to form 

V:=WUm^ ~W\ 

we obtain a 4-manifold whose image in L'*(QP) = L°(QP) gives the difference 
between the Witt classes of the intersection forms of W and VP', showing that the 
invariant in L'g{}C)/ im(L°(QP)) is well-defined. If this invariant vanishes then we 
can hope that the knot is slice or perhaps just (1.5)-solvable; more importantly if 
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our class in Vg{lC)/ ini(i°(Qr)) does not vanish then it obstructs (1.5)-solvabihty 
and therefore in particular obstructs the possibility of the knot being slice. 

The argument in |COT03l page 458], to show that the invariant is independent 
of the choice of W , uses ZF here instead of QF. In this case it is unclear that surgery 
below the middle dimension is possible on the chain complexes in symmetric L- 
theory, so that the symmetric signature of V need not yield an element of LP{'LV). 
Nothing is lost, however, by replacing Z with Q in their argument. The main 
obstruction theorem of Cochran-Orr-Teichner, at the (1.5) level, is the following: 

Theorem 7.12. |COT031 Theorem 4.2] Let K he a {l)-solvable knot. Then there 
exists a metaboliser P = C Hi{AIk',Q['^]) such that for all p G P , we obtain 
an obstruction 

B {C,\Mk\QT), \^{[Mk])) e ker(L'^(QF,QF - {0}) ^ ^^(QF)). 
In addition, if K is {1.5)-solvable, then B — 0. 

Proof. We give a sketch proof. The fact that a meridian of K maps non- 
trivially under p is sufficient, as in |COT03l Section 2], to see that C^,{Mk; )C) ~ 0, 
so that indeed B £ L^{QT,QT - {0}). The (l)-solvable condition ensures that 
certain representations extend over tti{W), for (l)-solutions W, so that i? i-^ £ 
L^((QF). If W is also a (1.5)-solution, there is a metaboliser for the intersection 
form on H2{W; K.): as mentioned above the fact that we have control over the rank 
of the Z-homology translates into control on the rank of the /C-homology. We have 
a half-rank summand on which the intersection form vanishes: it is therefore trivial 
in the Witt group L^(AC). Since Lg{IC) = Lg{IC) by surgery below the middle 
dimension, we indeed have B = 0. □ 

We now define a pointed set, which is algebraically defined, which we call 
the Cochran-Orr-Teichner obstruction set, and denote {COT[c/i.b)iU). The above 
exposition then enables us to define a map of pointed sets C/J"(i.5) — COT(c/i.5y 
the Cochran-Orr-Teichner obstructions do not necessarily add well, so we are only 
able to consider pointed sets, requiring that (1.5)-solvable knots map to U, the 
marked point of C07~(c/i.5). The reason for this definition is that the second order 
Cochran-Orr-Teichner obstructions depend for their definitions on certain choices 
of the way in which the first order obstructions vanish. More precisely, for each 
element p G lfi(Mx;Q[Z]) we obtain a different representation 7ri(Mif) — > F and 
therefore, if it is defined, a potentially different obstruction B from Theorem 17.121 
The following definition gives an algebraic object, CC'T(c/i.5), which encapsulates 
the choices in a single set. Our second order algebraic concordance group AC2, 
defined in Chapter [5] as a quotient of V, gives a single stage obstruction group from 
which an element of COT{c/i.b) can be extracted; for this see Chapter [TOl I would 
like to thank Peter Teichner for pointing out that I ought to make such a definition. 

Recommendation. The reader would perhaps be best served to skip Defini- 
tion [7iT3] on the first reading. Chapters |8] and [9] serve to provide important context 
for this definition, and knowledge of it is not required until Chapter 1101 

In the following definition, for intuition, {N, 9) should be thought of as corre- 
sponding to the symmetric Poincare chain complex of the zero surgery Mk on a 
knot in 5'"^, F := Z k i~^], and H should be thought of as corresponding to 

iJi(Mif ; Q[Z]). There is no requirement that {N,9) actually is the chain complex 
associated to a knot: we are working more abstractly. 
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Definition 7.13. Let H he a rational Alexander module, that is a Q[Z]-module 
such that H ~ Q®iH' for some H' e A. We denote the class of such H by ^®iA. 
Let 

Bl: H X H ^ Qit)/Q[t,t-^] 
be a non-singular Hermitian pairing, and let p £ H. We define the set: 

^lBi,p(Qr,(Qr-{o}) 

to comprise pairs {{N,6 G Q^{N)),£^), where {N,6) is a 3-dimensional symmet- 
ric Poincarc complex over QF which is contractible when tensored with the Ore 
localisation K, of QT: 

^ ®Qr TV ~ 0, 

which satisfies: 

H^iQ^qr N) = H^S^ x S^;Q); 
and where ^ is an isomorphism 

C:H^Hi{Q[Z] ®Qr N). 

Using the 3-dimensional symmetric Poincare chain complex (Q[Z] (E)Qr N,ld®6), 
we can define the rational Blanchficld form (see Proposition 110.2^ : 

Bl: Hi{Q[Z] «)Qr N) x Hi(Q[Z] ®Qr N) ^ Q(t)/Q[t, i"!]. 
We require that: 

Bl(x,y) = Bl(^(x),e(y)) 
for all x,y £ H. We have a further condition that: 

(9) {{N,e),Oo = mm ®Qr iV,Id®0),C) 

for ((iV,6'),e)o e L|j Bi_o(Qr,Qr - {0}). We consider the union, for a fixed H G 
Q(8)z^ and a fixed Bl:' H x H ^ Q{t)/Q[t,t-^]: 

AT^c/i.,){H,m} := □ L%^^,JQT,QT-{0}), 
pen 

over all p G H. Next, we define a partial ordering on the class of certain special 
subsets of AJ- (^c/ 1.5) {H, Bl): 

U { U C AT^c/iMH,B\)}, 

Bl: 77^Extipj(ff,Q[Z]) 

ranging over all possible H and Bl, so that wc can make this class into a set by 
taking an inverse limit. For each Q[Z]-modulc isomorphism a : H ^ H'^" , we define 
a map 

: i|^3i,p(Qr,QF - {0}) ^ i^./. ^i./„_^(^)(QF,QF - {0}), 
where Bf"{x,y) := Bl{a-\x),a-'^{y)) by 

This defines a map: 

a*: ^-^(c/i.5)(i^,Bl) ^ ^.F(c/i.5)(if^",Bl^"), 
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which we use to map subsets to subsets. We say that a subset: 
□ ((7V,0),Op C^-F(c/i.5)(i?,Bl), 

is less than or equal to 

□ {{N,e),e\^AF(c/i.,){H''\'Qf'-). 

if the latter is the image of the former under a,. Wc then define: 

^J-(c/i.5) ■=^{ U C^-F(c/i.5)(i^,Bl)|i/eQ®z A 

Bl: i?^Ext^[2j(i7,Q[Z]) 

Finally, we must say what it means for two elements of AJ-{c/i,^) to be equiva- 
lent, ill such a way that isotopic and concordant knots map to equivalent elements 
of AJ- (c/i.5)i a-nd we must define the class of the zero object, so that we have a 
pointed set. 

The distinguished point is the equivalence class of the 3-dimcnsional symmetric 
Poincare chain complex: 



U := 



®^^^C,[S^ X S^Mn)AH[S^ ^ S^])),^ ^lA: {0} ^ {0}) 

e»4J-(c/i.5)({0},Bl{o}). 

We declare two elements of AT(^c/i.5) to be equivalent, denoted ^, if we can choose 
a representative class for the inverse limit construction of each i.e. pick represen- 
tatives: 

□ ((iV,^),Op C^.F(c/i.5)(i/,Bl) 

and 

for some H, W e Q 0^ A, such that there is a metaboliser P C H (B H'^ of 

B1©-B1^ H®H'' xH®H^ ^Q(Z)/Q[Z] 
for which all the elements of L^{QT, QT - {0}) in the disjoint union: 

satisfy: 

{{Np © NlOp © ~el) = G L\QT, QT - {0}), 

with the corresponding reason that {Np © N^,Op © — = being a 4-dimensional 
symmetric Poincare pair 

Up ® jI ■■ Np © Nl ^ , (se^p^g) , Op © -el) e Q\jp © 4)) 

over QF such that 

HiiQ ©Qr Np) ^ HiiQ ©qf ^ i?i(Q ©qf N^), 
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that the isomorphism 

ip(Bil: H(BH^ ^ Hi{Q[Z] ®Qr Np) ® i7i(Q[Z] ®Qr iVj) 

restricts to an isomorphism 

P ^ kcr {Hi{Q[Z] 0Qr Np) ® i/i(Q[Z] ®Qr iVj) ^ ifi(Q[Z] «)Qr V(p.g))), 

and that the algebraic Thom complex (Definition I4.13P , taken over the Ore locali- 
sation, is algebraically nuU-cobordant in Lg{IC) ^ Lg(/C): 

[(/C ®Qr <^((jp © 4)), Id ®<50(p,,)/(0p ® ~el))] = [0] e L|(/C). 

These conditions imply that we can do algebraic surgery (Definition l9.6p on '^{{jp(B 
j^)) to make it contractible over K,. The relation ~ is an equivalence relation: see 
Proposition 17.141 

Taking the quotient oi AJ-(^c/i.5) by this equivalence relation defines the second 
order Cochran-Orr-Teichner obstruction pointed set {COT(e/i.5)jU): there is a 
well-defined map from concordance classes of knots modulo (1.5)-solvable knots to 
this set, which maps (1.5)-solvable knots to the equivalence class of U, as follows. 

Define H := Hi{Mk;Q[Z]). For each p £ H, we use the corresponding repre- 
sentation p: t:i{Mk) — >■ F to form the complex: 

i{N,0),Op := ((QF ^ziMM^)] ^(M^; Z[7ri(M^)]), \A([AfK])), ^ 

G^Vp('Qr,Qr-{0}). 

This gives a well-defined map: see Proposition l7.15l This completes our description 
of the Cochran-Orr-Teichner pointed set. 

□ 

Proposition 7.14. The relation ^ of Definition \ 7.13\ is indeed an equivalence 
relation. 

Proof. To see reflexivity, note that the diagonal H H ® H is a metaboliser 
for Bl © — Bl. Then take V(p j,) :— Np and 59(^p p) :— 0. It is straight-forward to see 
that ^ is symmetric. For transitivity, suppose that 

□ {{N,e),Ov- U m\9^),£,\ 

with a metaboliser P C_ H ® and chain complexes (^(p.ij) i '5^(p,g))i a-nd that 

with a metaboliser Q C H'^ © and chain complexes {V(^q r)i ^(^{q,r))- 
We define the metabohser R<Z H ® hy 

R := {(p,r) e H ® Hi\3q e H"^ with {p,q) e P and {q,r) e Q}. 

The proof of Femma [10.91 shows that this is a metaboliser. For each g i? we 

can therefore choose a suitable q and so glue the chain complexes: 
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to create an algebraic cobordism for each {p, r) G R. Easy Mayer- Vietoris argu- 
ments show that the inckisions Np — >■ l^(p,r) and — s- ^^(p^r) induce isomorphisms 
on first Q-homology, and that 

H®Hi ^ i/i(Q[Z] ®Qr Np) © i?i(Q[Z] «)Qr NI) 

restricts to an isomorphism 

R ^ ker (iJi(Q[Z] ®Qr Np) © 0Qr A^*) ^ i/i(Q[Z] ®Qr 

Since JC ®Qr — 0, the elements of Lg{IC) add and we still have the zero element 
of Lg{IC) as required. □ 

Proposition 7.15. The map C/J^(i.5) — > COT[c/i.5) Definition \ 7.13\ is well- 
defined. 

Proof. To see that the map is well-defined, we show that ii K 'i — is (1.5)- 
solvable, then the image of K is equivalent to the image of ift in cor i^c/1.5)- Let 
W be a (1.5)-solution for ft - , and let 

P := kcr(Hi(A/K;Q[Z]) ©Hi(A/^t;Q[Z]) ^ Q[Z])), 

noting that 

ffi(MK;Q[Z]) ©ffi(A/^t;Q[Z]) ^ i7i(M;^,_;^t;Q[Z]). 

We define, for all {p, q) G P, V(p_q) := C*(VF, Mj^jj ; QF) to be the chain complex 
of W relative to Mj^^_j^f . 

Then JC (g)Qr ^(p,?) represents an element of Lg (/C) as in Definition 17.111 Since 
is a (1.5)-solution, as in Theorem 17. 12) we have B ~ 0. That is, the intersection 
form of V(p ,j) is hyperbolic as required. 

Applying the algebraic Poincare thickening (Definition l4.13p yields a symmetric 
Poincare pair 

Now note that 

a(M^,_j^t;Qr)(p,,) ~ C^Xa- U^i X 5-1 X /UXKt;Qr)(p,,). 

By gluing the chain complex {S'^ x x I ; QT) to V^^*^ along C^S^ x x I;QT), 
we obtain a symmetric Poincare pair 

iC\iMK;QT)p ® C4MAt;Qr), (<r0(p,,), 0p © -0l)). 

This gluing does not change the element of L'g(IC) produced, since 

C,{S^ xD^ xI-K:)c^ 0. 

We therefore indeed have that K and K'^ map to equivalent elements in COT(c/i.b)i 
as claimed. □ 
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3. L^^^-signatures 

There remains the not insignifieant task of deteeting non-zero elements in 
the Witt group of Hermitian forms in L'^iJC). Cochran-Orr-Teichner use an 
signature (see jCOT03l Section 5] for more complete details) to define a homo- 
morphism 

which detects the Witt class of the intersection form and therefore obstructs (1.5)- 
solvability and in particular sliccness. The L^^^-signature agrees with the ordinary 
signature of Q- homology on the image of L°(Qr) so that we have a well defined 
obstruction, the reduced i'^'-signature: 

a'^^\W)-a{W), 

where a{W) G Z is the ordinary signature, for a (l)-solution W . We now give 
an outline of the beautiful theory of L^^^-signatures. Once we have our notion of 
algebraic concordance of symmetric Poincare triads we will describe a way to obtain 
these signatures algebraically without having to make a choice of a geometric 4- 
manifold. 

The L^^^-signature can be thought of as a way of taking a signature when the 
coefficients are in the group ring of an infinite group T. We first make the inclusion: 

Qr cr. 

We then consider CF as a subset of B{l^T), the Hilbcrt space of square-summable 
sequences indexed by the elements 5 G F. We complete CF inside B{PT) using 
pointwisc convergence and obtain the Von Neumann Algebra J\fT . Wc shall later 
include NT into the space UT of unbounded operators affiliated to NT, the equiv- 
alent of Ore localisation for Von Neumann algebras. For a (l)-solution W the 
intersection form 

Ai : H2{W] JC) X H2{W; K) ^ K. 

yields a Hermitian operator on the Hilbert space (Z//F)™. 

We define the signature for Hermitian operators A on (TVF)"', which will then 
extend to iUT)™ . To define a signature we need notions of the dimensions of the 
positive and negative eigenspaces of A. 

The functional calculus yields a correspondence between bounded measurable 
functions on the spectrum spec(A) of an operator A: 

/: spec(A) — > C 

and bounded operators /(A) on (A/'F)™, represented as m x m matrices with ele- 
ments in NT . Choosing the characteristic functions 

p+,p^ : spec(A) C R ^ {0, 1} C C 

of (0, cxd) and (—00, 0) (spec(A) C R since A is Hermitian) we obtain two Hermitian 
projection operators p+(A),p_(A). The completion to the Von Neumann algebra 
is necessary for the functional calculus to be well defined on such Heaviside-type 
functions as p+ , p- ; they are limits of polynomials so the fact that limits commute 
with the functional calculus correspondence in Von Neumann algebras is crucial. 
For example, let Pi be a sequence of polynomials such that lim(pi) = p+. We have: 

p+{\) ^ (limp,)(A) = lim(p,(A)) £ M^{NT). 
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where Pi{X) makes immediate sense as we can evaluate polynomials on operators 
which live in a C* -algebra. 

We can then use the Von Neumann T-trace to define the dimension of the ± 
eigenspaces of A. The F-trace of an operator a is defined to be: 

trr(a) := ((e)a, e);2r G C, 

using the PT inner product, where e G F C PF is the identity element. This 
extends to m x m matrices by taking the matrix trace, that is by summing over 
the F-traces of the diagonal entries. Recall that for projection operators on finite 
dimensional vector spaces, their trace is equal to the dimension of their image; the 
F-trace is a generalisation of this concept. 

We can now define the L^^-'-signature of a Hermitian operator A to be: 

a(2)(A) :=trr(p+(A)) -trr(p_(A)) gM. 

Hermitian projection operators a = = a* have real traces since: 

((e)a, e);2r = ((e)a^, e)/2r = {{e)a, (e)a*);2r = ((e)a, (e)a)j2r G M. 

Furthermore we can include AfT C UT, where UT is the space of unbounded oper- 
ators affiliated to AfT. See |COT03l Lemma 5.6] and the preamble to it for more 
details. The functional calculus can be extended to unbounded operators, and it 
is a theorem that AfT satisfies the Ore condition, with S as the set of all non-zero 
divisors, and that this Ore localisation yields UT. 

The introduction of UT enables the definition of the L'^^^-signature to be ex- 
tended from Hermitian forms over QF" to those on /C"; H2{W; QT) may not be free 
but H2{W; K) is a module over a skew-field so is a free module, so we can express 

Ai: H2{W;1C) X H2{W;1C) K, 

as a matrix, and use this to obtain the L'^^'-signaturc. The reduced L'^^^-signature: 

a^^\W) := a^^\W) ~ a{W) G R 

gives a real number which is independent of the choice of W , so can detect the 
image of Ai in L^{]C)/ im(L°(QF)) and therefore obstructs the existence of a (1.5)- 
solution, provided we check all the metabolisers P of the Blanchfield form and, 
for each P, at least one of the representations which arise from a choice of p G 
P \ {0}. Since the obstruction depends only on the 3-manifold, and the choice 
of representation, it is often referred to as the Cheeger-Gromov-Von-Neumann p- 
invariant of Mk- Cochran-Orr-Teichner and Cochran-Harvey-Leidy ( |COT03l 
Section 6] and |COT04| . |CT07| . |CHL09a| ) are able to use this obstruction and 
various satellite constructions to find knots which are (rt)-solvable but which are 
not (n.5)-solvablc for all n G N. The beauty is that the L'^^-signature of these knots 
can be calculated in a simple way by integrating the classical Levine- Tristram w- 
signatures of the infection knot of the satellite construction as u> varies around the 
circle (see |COT03| Lemma 5.4], jCOT04| for more on this). 

Theorem 7.16 f [COT04] Theorem 5.2). Suppose K is a (1.5) -solvable knot whose 
Alexander polynomial is not 1 and which admits a Seifert surface F of genus 1. 
Then there is a homologically essential simple closed curve J on F, which has self 
linking number zero, so corresponds to a metaboliser of the Blanchfield form, such 
that the integral of the Levine- Tristram signature function of J vanishes, considering 
J as a knot in . 
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As a great example, we can use this to recreate the original Casson-Gordon 
result that the twist knots of Figure [T] are not slice. The zero-linking curves on 
Scifcrt surfaces for the algebraically slice twist knots, which arc those with ik+l ~ 
n? for some n S N, are torus knots. There exists a closed formula for the integral 
of the w-signatures of the torus knots, integrating over 6 S'^, written about by 
several people: see |CollO| for an excellent exposition and further references. The 
relevant L^^-* -signatures of the torus knots are non-zero, proving once again that 
the only twist knots which are slice are for fc = 0, 2. 






k full twists 




Figure 1. The fcth Twist Knot 



CHAPTER 8 



Algebraic Concordance 

The geometric obstruction theory of Chapter [7] motivates the definition of a 
purely algebraic obstruction theory, which we use to define a second order algebraic 
concordance group AC2- We proceed as follows. 

Given two triples {H, y, {H^ e V, we formulate an algebraic concor- 
dance equivalence relation, modelled on the concordance of knots and corresponding 
to Z-homology cobordism of manifolds, with the extra control on the fundamental 
group which is evidently required, given the prominence of the Blanchfield form in 
the previous chapter when controlling representations. We take the quotient of our 
monoid V by this relation, and obtain a group AC2 '■= V / ^. Our main goal for 
this work is to complete the set up of the following commuting diagram, which has 
geometry in the left column and algebra in the right column: 

Knots ^ V 



C ^AC2 




where Knots is the monoid of geometric knots under connected sum, C is the con- 
cordance group of knots and -7^(i.5) denotes the subgroup of (1.5)-solvable knots. 
The top row consists of monoids, and arrows emanating from the top row should 
be monoid homomorphisms. The rest of the maps should be homomorphisms of 
groups, apart from those with codomain COT(c/i.5) (the dotted arrows), which is 
the pointed set which contains the Cochran-Orr-Teichner obstructions. Since the 
Cochran-Orr-Teichner obstructions are not guaranteed to behave well under con- 
nected sum (but see [COT04| , where the obstructions do behave well under special 
circumstances), we require only that the maps with codomain COT(c/i.?>) map zero 
to zero, so are morphisms of pointed sets: see Theorem 110.131 When we are able 
to take I/^^^-signatures, as in Chapter[71 to obstruct an element of CC'T(c/i.5) from 
being J7, we are also obstructing triples in AC2 from being equivalent to the triple 
corresponding to the unknot (see Theorem llO.lSp . 

So far we have explained the diagram with AC2 and the maps with it as domain 
and codomain removed. In this chapter we focus on completing the top square. 
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We define our concordance relation, and show that it is an equivalence relation. 
We define an inverse — (iJ, 3^,^) of a triple {H,y,^), and show that 3^,^)tJ — 
iH,y,0 ({0},3^^,Id{o}), where ({0}, Id{o}) is the triple of the unknot, so 
that we obtain a group AC2- 

Proposition 8.1. Two knots K and are topologically concordant if and only if 
the 3-manifold 



(ii): the fundamental group t:i{W) is normally generated by a meridian of 
(either of) the knots. 

Proof. This is a generalisation of Proposition 17.31 which deals with the case 
that is the unknot. Let W be the exterior of the embedded annulus S"^ x / c 
X I which gives a concordance: 



Then a Mayer- Vietoris calculation and the Seifert-Van-Kampen theorem using the 
decomposition of S''^ x / as ^s^xs^xi x D'^ x I verify that W satisfies the 
claimed properties. Conversely, suppose that wc have a W which satisfies these 
properties. Then we can glue in x x I to the x x I part of the 
boundary dW = Z. This yields a simply-connected 4-manifold with the homology 
of and boundary x {0, 1}; K and are concordant in W. Gluing Z?^ to 
both ends yields a homotopy 4-sphere, which is homeomorphic to S'^ by Freedman's 
topological /i-cobordism theorem |FQ90[ Theorem 7. IB]. Removing the images of 
our added 4-balls yields S""^ x / as claimed. □ 

We need to construct the algebraic version of Z from two symmetric Poincare 
triads y and y'' so that we can impose conditions on the algebraic 4-dimensional 
complexes which have it as their boundary. As part of the definition of a symmetric 
Poincare triad y over Z[Z x H] (Definition 14. 14p . 



Z := X Ugx=s^xs^ X X I Ugi^gi^Qxf -X^ 



is the boundary of a topological ^-manifold W such that 

(i): the inclusion i: Z restricts to Z-homology equivalences 

H^{X;1) ^ H.,{W;'L) ^ H^iX'^-Z)- and 



W ■.= c\{{S'^ xI)\{S^ xD^ xl)). 



e 



f- 



we can construct a symmetric Poincare pair 

{rj:E:= Uc D+ ^ F, ($, Sip. U^^ Sip+)) 



where 



In our case of interest, E, for the standard models of C, D±, is given by: 



E2 = 02 Z[Z X H] 




El = ©4 Z[Z K H] 
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where: 



f 91-1 \ 

1 la , 

l-i 1 ; and 

V 9,-1 J 

-1 .91-1 -la 

-la' g,-l -1 



^ ^ 



4>o 



E2 *- El *- Eq 



given by: 

02 Z[Z X H] ^ 04 Z[Z K H] ^ 02 Z[Z K H] 



-1 la 




f 51 





V 



■ 04 Z[Z K H] 



-lagq \ 

la 

-1 

J 



gila 
-ff. 



.02 Z[Z K i?]. 



02 Z[Z X H] — 

We have replaced l^^ with la here. Note tliat the boundary and symmetric structure 
maps stiU depend on the group element la- The next lemma shows that, over the 
group ring Z[Zk (iJ©i7^)] = Z[ZKiJ-l-], the chain complexes E, £'t of the boundaries 
of two different triads y, are isomorphic. 

Lemma 8.2. There is a chain isomorphism: 

we: Z[Z k H^] ®z[z^h] £ ^ Z[Z k ®z[z><ift] E\ 

92 



£'2 



El 



El 



El 
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omitting 'E[Ijt<H^^x[ZKH] 0'ndZ[ZxH^]®i[ZiKH^ from the notation of the diagram, 
given by: 



02 



-1 .91-1 -la 

-la' g,-l -1 



1 




( 1 
1 



04 



Ml - 1 

1 la 
l-a' 1 

V gq-l ) 



02 



laHi 



02 



V l-Hi ) 
04 



1 

l-Hl 



-1 .91-1 -ll 
<ll)-' 4-1-1 



f 1 







ll 




1 



•02 



V gl-1 J 



where := Z[Z x H^. 

Proof. To sec that -cje is a chain map, as usual one needs the identities: 

Ia9,la'=9l=9l^ll9l{ll)-'- 

The maps of we arc isomorphisms, and the reader can calculate that 

Note that this proof relies on the fact that lah — 1 and would require extra control 
over the longitude if we were not working modulo the second derived subgroup, but 
instead were only factoring out further up the derived series. □ 

Definition 8.3. We say that two triples {H,y,£),{H\y\S,^) e V are second 
order algebraically concordant or algebraically (1.5) -equivalent, written r^, if there 
is a Z[Z] module H' of type K, that is H' satisfies the properties of (a) of Theorem 
16.21 with a liomomorphism 

which induces a liomomorphism 

Z[Z K (i7 © H^)] Z[Z K H'] 
and therefore, by composition with the maps 

Z[Z tK H]^ Z[Z K {H®H^)] 

and 

Z[Z K ijt] ^ Z[Z K (i7 ©H^)] 
from Definition 16. 6i homomorphisms 

Z[Z tK H]^ Z[Z K H'] 

and 

Z[Z K i/^] ^ Z[Z K i/'], 
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along with a finitely generated projective 7L\L k i/']-niodule chain complex with 
structure maps (V, 0), the requisite chain maps j^, (5, and chain homotopies 7, 7^, 
such that there is a 4-dimcnsional symmetric Poincare triad: 

(Z[Z K B'\ ® {E, (f,)) © (Z[Z K H'] ® {E\ -0t)) ^^^-^^^"^t) ^ ^ 



Id®?; 
lA^-q^ 



(z[z K ij'] ® (y, $)) © (z[z K ff'] ® {y\ -$t)) 



(F,e). 



In what follows we frequently omit the tensor products when reproducing versions 
of the preceding diagram, taking as understood that all chain complexes are ten- 
sored up to be over Z[Z k H'] and all homomorphisms act with an identity on the 
Z[Z K H'\ component of the tensor products. The top row is a symmetric Poincare 
pair by Lemma 14.211 We require that the symmetric Poincare triad satisfies two 
homological conditions. The first is that: 



and 



zxff] Y)) ^ H^Z ®z[ZtKH'\ V) 

V) 



jt: iJ,(Z®z[z^H'] (Z[ZKff'] ®i 

are isomorphism of Z-homology, so that 

H*{Z ®z[zxif'] V)^H,{S^;Z). 

The second homological condition is the consistency condition, that there is a con- 
sistency isomorphism: 

r:if'^i/i(Z[Z]®z[z^H'] V), 
such that the diagram below commutes: 

(ib j'l ) 



H(BH'< 



e 





i/l(Z[Z] ®z[ZKff] Y) ® Hi(Z[Z] ®zr; 



H' 



V). 



We say that two knots arc second order algebraically concordant if their triples 
are, and we say that a knot is second order algebraically slice or algebraically (1.5)- 
solvable if it is second order algebraically concordant to the unknot. □ 



Definition 8.4. The quotient of V by the relation ^ of Definition 18. 31 is the second 
order algebraic concordance group AC2- See Proposition 18. 71 for the proof that ^ is 
an equivalence relation and Proposition |8lT0] for the proof that AC2 is a group. □ 

Remark 8.5. A symmetric Poincare triad is the natural way to algebraically 
encode a cobordism of cobordisms. In particular, as with the Cappell-Shancson 
method which underlies the Cochran-Orr-Teichner filtration, we are dealing with 
Z-homology cobordism. The Cochran-Orr-Teichner idea is to filter the condition of 
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a knot exterior being Z-homology cobordant to the exterior of the unknot by how 
far up the derived series their algebraic vanishing condition holds on the homology 
intersection pairing of a geometric 4-manifold. We pass to algebra much sooner, 
and then filter the idea of the chain complex of the knot exterior being algebraically 
Z-homology cobordant to the chain complex of the exterior of the unknot by how 
far up the derived series we can take our coefficients. 

The consistency condition is crucial in order to have some control on the fun- 
damental group. Note the absence of Blanchfield linking pairings as well as in- 
tersection pairings. As we will see, as long as the consistency condition holds, we 
can construct the Blanchfield pairing if desired and see that, due to the duality 
information stored in the symmetric structure, we still have the control it provided 
in Chapter [7] on the kernel of the induced map on homology of the inclusion of the 
3-manifold into the 4-manifold. 

Proposition 8.6. Two concordant knots K and are second order algebraically 
concordant. 

Proof. Let W be the exterior of the concordance as in Proposition l8.ll Define: 

H' ■.= ^i{Wf^^ /^i{W)^^\ 

with the Z action given by conjugation with a choice of meridian. We claim that 
H' is of type K; that is we claim that H' is finitely generated over Z[Z] and 
that 1 — t acts on H' as an automorphism. To see the claim, first note that 
H' = Hi{W;Z[Z]) by the Hurewicz isomorphism. We modify |Lev771 Proposi- 
tions 1.1 and 1.2]. We see that H' is finitely generated since is a compact 
topological 4-manifold, and so has the homotopy type of a finite simplicial com- 
plex, by |KS771 Annex B, III, page 301]. Therefore the infinite cyclic cover W has 
a chain complex whose chain groups are finitely generated free over Z[Z], which 
implies in particular, since Z[Z] is Noetherian, that the homology Hi{W;Z[Z]) is 
finitely generated over Z[Z] |Lev77[ Proposition 1.1]. Inspection of the proof of 
[Lev771 Proposition 1.2] shows that the only hypothesis required is that X is a 
Z-homology circle. Since W is also a Z-homology circle, the result also applies to 
W, and so 1 — t acts on H' as an automorphism. This completes the proof of the 
claim. 

We also define: 

{V,Q') := (a(M/;Z[Z x H']),\A{[W,dW])). 

Then dHom(\A([M^, aW^])) = \A([Z]), where Z is as in Proposition O Note that 
Z ?» Mj^ jj : we then know by Theorem 14.191 that Z is an Eilenberg-Maclane 
space as long as we do not have K = K'' = U. Therefore, by Theorem l4.6[ any two 
choices of diagonal chain approximation are chain homotopic. Therefore \A{[Z]) — 
$ e Q'^(C,(Z;Z[Z K H'])) so there is a set of structure maps 6 which 

are equivalent to the maps 9' :— \A{[W,dW]), and which fit into the symmetric 
Poincare triad required in Definition 18.31 To see this, note that there exists maps 
X, arising from the chain homotopy between the two diagonal approximations, such 
that: 

\A([^]) - {\A{[W,dW])) = dnomX- 

Therefore defining 

Q:^Q' + X = \A{[W,dW])+x, 
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we have that 



as required. The first homological condition is satisfied by (i) of Proposition 18.11 
and the consistency condition is satisfied by the Hurewicz isomorphism. □ 

Proposition 8.7. The relation ^ of Definition \8.3\ is an equivalence relation. 
Proof. We begin by showing that ~ is reflexive: that 

where (H, y, ^) and {H°'^'' , y'^" , are equivalent in the sense of Definition l6.4l This 
is the algebraic equivalent of the geometric fact that isotopic knots are concordant. 
Suppose that we have an isomorphism to: H H'^" , and a chain equivalence of 
triads 

such that the relevant square commutes, as in Definition 16.41 fsee below). To show 
reflexivity, we take H' := H'^", and take (>, jb) = (w,ld): H ® H"^" H'^" and 
(y, 0) := (y^°,0). We tensor all chain complexes with Z[Z k H"''''], which do not 
already consist of Z[Z x i/'^'^^J-modules. We have, induced by j, an equivalence of 
symmetric Poincarc pairs: 



{jE.]Y\ k): (Id®77: Z[Z k 



E 



where k: rj^^jE JyV is a chain homotopy (see [RanSOi Part I, page 140]). We 
therefore have the symmetric triad: 



Id(g)?7 



Oe,W) 



(i?%,0) 







(r, $) ® (r^% -$^") 



Ol',Id) 



The proof of Lemma 14.211 shows that it is a symmetric Poincarc triad. Applying 
the chain isomorphism -07^% : i?'^" ^ Z[Z k H''^"] ®z[Zkh\ E to the top right corner 
produces the triad: 



Z[Z K ®zp,^j {E, <f) © -0%)^ ""°'°°'"'""> \z[Z X 



Id ©77 







(jY.ld) 



5z[ZKff) E, 0) 

i7''°o(ro^%)"^ 



(y%,o). 



as required. 
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The homological conditions are satisfied since the maps j, from Dcfinition lS.BI 
are chain equivalences and the chain complex V = Y'^° . The consistency condition 
is satisfied since the commutativity of the square 



i/i(Z[Z] ®MZxm Y) 



H 



% 



which shows that (i/, y, ^) and {H'^° , y'^° ,£,%) are equivalent in the sense of Defini- 
tion |631 extends to show that the square 



(w,Id) 



e 

e 



Hi{Z[Z] (E)z[2kh] 



is also commutative. Therefore Definition 18.31 is satisfied, so ~ is indeed a reficxive 
relation. 

Symmetry is straight -forward. If (iJ, 3^, ^) ^ {H'' ,y'' ,^^), that is there is a 
diagram: 



{E, <P) © {E\ -,/<t) '^'"'^-'^ . (ij, 0) 



r] 
7?t 



with a commutative square 



^ 





H' 



ifi(Z[Z] (8z[zxi/] © i?i(Z[Z] ^ i7i(Z[Z] ®z[ZKif'] "l^), 
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then there is also a diagram: 

(£;t>t)e(i?,-0) 





ri 



with a commutative square 



(i?t,0) 



(t^ .7) 



50ZD 



fit 



Ul,3\,) 





e 



H' 



Id'T'f'-i ®(7^ 7 ) 

Him ® iiikWA ®mv.H\ Y) — — "-^ i?i(z[z] ®z[zkh'] "^"), 

which shows that ~ is a symmetric relation. Finally, to show transitivity, suppose 
that {H,y,0 {H\y'<,^'<) using H', and also that (i7t,3;t,^t) _ (iJ* , j;*, ^t), 
using 

so that there is a diagram of Z[Z k i7']-module chain complexes: 



(i?t,0t)e(£;*,-0*) 



Tyt 
ry* 



{it,j*) 



In this proof the bar is a notational device and has nothing to do with involutions. 
To show that {H,y,£,) - {Hi,y^,£}), first we must define a Z[Z]-module W so 
that we can tensor everything with Z[Z k H']. We will glue the symmetric Poincare 
triads together to show transitivity; first we must glue together the Z[Z]-modules. 
Define: 

(Jb, J): H(SHi^W:= cokcr((jt, - jj) : ^ H' ®h'). 
Now, use the inclusions followed by the quotient maps: 



H' ^ H' ® H' 



and 



H' 



H' ®H' 



H' 



H' 



to take the tensor product of both the 4-diniensional symmetric Poincare triads 
which show that iH,y,^) - {H\y\C^), and that {H,y\^^) - (iJ* , 3^* , C*), with 
Z[Z X H'], so that both contain chain complexes of modules over the same ring 
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Z[Z K H']. Then algebraically gluing the triads together, as in jRanSli pages 117- 
9], we obtain the 4-dimensional symmetric Poincare triad: 



(i?,0)©(i?t,-0t) 



?7 




/Id \ 


V WEt ) — 



0) 



/ 7 \ 


I ^ J 



/ 5 (-1)''-^^ \ 

r;t _ 
1^ (-l)'-V ~5 I 



( J \ 


I F J 



(^,e). 



where: 



V := 'fiij'' ,J^f : ^ V ®V)] and 

i:=eu<i,t e. 

We need to show that this is equivalent to a triad where the top right term is {E, 0). 
First, to see that E E, the chain complex of E is given by: 

9F " " 



E. 



t ^3 



E2 © e] © ^ 



where: 











''a 






)■ 






V Id 




dE 




-TAjEf 




















-Id 













( 





Id 


dEf 



and 



9f = 

and we have the chain map: 

i^' := ( Id , , -We\ ) ■■ Er® eI_^ © El Er, 
with a chain homotopy inverse: 

Id 



u'-^ := I 







Now, 



Er^ Er®El_^®El. 



Id 



Id, 0, -We, ) I ) - ( Id ) = ( ), 
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whereas 

Id\ /ldOO\/00 -vje^ 

( Id , , -nj^t )- OIdO = 0-Id 

0/ yooid/yoo-id 

which is equal to k' d + dk' where the chain homotopy k' is given by: 

/ \ 

k'=\ (-l)''+ild \ : Er®El_^®Er^ Er+i®El®El^^. 
\ / 

We therefore have the diagram: 




The top triangle commutes, while the bottom triangle commutes up to the homo- 
topy k' : k' gets composed with 7 to make the new triad. Furthermore, 

i/'(-ou^t oy* = 0, 

so that we indeed have an equivalent triad with the top right as {E,Q). To com- 
plete the proof, we need to see that the consistency condition holds. The following 
commutative diagram has exact columns, the right hand column being part of the 
Mayer- Vietoris sequence. The horizontal maps are given by consistency isomor- 
phisms. Recall that H' := coker((j^^, —jl): ^ H' ® h'). All homology groups 
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in this diagram are taken with Z[Z]-coefficients. 



H'OH' 



H' 



e 



e 





■i?i(rt) 



Hi{V) 



The diagonal dotted arrows arc induced by the diagram, so as to make it commute. 
The horizontal dotted arrow H' i/i(Z[Z] ® , = V) is induced by a diagram 

chase: the quotient map H' ® H' — !■ H' is surjective. We obtain a well-defined 
isomorphism 



e:/f'-.i7,(Z[Z]® =y). 



The commutativity of the diagram above implies the commutativity of the induced 
diagram: 



H' 



Hi 



? 




i7i(Z[Z] V). 



This completes the proof that ^ is transitive and therefore completes the proof that 
~ is an equivalence relation. □ 
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Definition 8.8. Given an element {H, y, ^) e V, choose a representative with the 
boundary given by the model chain complexes. 



/+ 



iD-,0) 
f- 



iD+,0) 

The following is also a symmetric Poincare triad: 

(C,-ip(Bv>)— 



(^+,0) 



/+ 



/- 



which define as the element —y. This is the algebraic equivalent of changing the 
orientation of the ambient space and of the knot simultaneously. The chain equiv- 
alence: 

for i = 0, 1 sends ip(B~(p to ~ip(Bip and satisfies i± o<; ~ i^. We can therefore define 
the inverse —{H,y,(,) G P to be the triple {H, —3^,^), where —y is the symmetric 
Poincare triad: 



(C, ifi © -ifi) 



(7^_,0) 



iD+,0) ■ 



Summarising, to form an inverse we replace g with g o c;, and change the sign on 
the symmetric structures everywhere but on C in the top left of the triad. □ 

Remark 8.9. We now describe in detail why, for two knots K and K\ K ^ — 
is slice if and only if K is concordant to K'^ . The manifold Z obtained by gluing 
two knot exteriors X and together along their boundaries: 

Z := X Uax=sixsi 5*^ X S"^ X / Ugixgi^gxt ~X\ 

as in Proposition l8.ll can also be decomposed in a different way using the splitting 
of the boundary as x Ugixsox/ x . First, using half the boundary we 
have the exterior of the connected sum: 



so that 



X^^X U(5ixDi)+ xD^ xl ^(^s^^D% 



'~^(5ixDi)_Usi^3o(SixDi)l X X I 

Xi Usixsi S' xS' xlUsiy^s^ X^, 
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iD-,0) 



{D-,0) 



(C,(y9®-(p) 



(rt,_$t) 





Figure 1. The cobordism which shows that y ^ . 



since 

X X I ^ S'^ X ^ S'^ X X /U51XS1 S'^ xD^ ^S'^ X x /U^ixsi 

where Ri x is the exterior of the unknot. The same 4- manifold therefore 
shows that K is concordant to K'^ and that if jj — K'^ is concordant to the unknot. 
For a schematic of the former cobordism see Figure [T] and for a schematic of the 
latter see Figure [2] We proceed in the next proposition to copy this motivating 
geometric argument in algebra. 

Proposition 8.10. Recall that ({0}, J^'^, Id{o}) is the triple oj the unknot, and let 
{H,y,^) and be two triples m V. Then 

- {H\y\e) - ({0}, J^^',Id{o}) 

if and only if 

{H,y,o-iH\y\c^). 

Proof. First, note that both boundaries use the Alexander module H © H'' , 
so that the same homomorphism 

iji„jl):H®H^^H' 

can be used in both equivalences, fitting into the same commutative square. 
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Figure 2. The cobordism which shows that - ^ y 



The next step is to switch D[_ and I?^ in the symmetric Poincare triad — 
This is possible thanks to the chain homotopy /i^ : /j^ o zzr^ ~ /I . We have the 
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following diagram for the equivalence of symmetric triads: 




The outside square becomes the new triad —3^^, with all the chain homotopies 
shown combined to become a single homotopy. We now follow the geometric 
argument above to construct something chain equivalent to the chain complex 
E Usest Y © Y\ over Z[Z k (iJ © iJt)], which must be the boundary of a 4- 
dimcnsional symmetric Poincarc pair in order for {H,y,£^) and (if^,3^^,^^) to be 
second order algebraically concordant. The reader is advised to follow the rest of 
this proof while looking at Figures [1] and [21 

To glue Y and Y'' together we use only the D^^ part of E to begin with. Note 
that: 

r,* ^Yr® {Dl)r-i e ^ y,. ® (£>+)._! ® e (dI),-! e Y^l 

Now, to form the manifold Z we attached another x x I to this, which 
corresponds to attaching the chain complex However, we can first take the 

algebraic mapping cylinder of the map E^ ~ E'^ — >■ Y^ = D- to see that: 

Yy = (z?.),, 

El © E^_^®Yu ~ {D.)r © Cl_^ © {Dl)r © {D^)r^l © Cr-2 ® (£'-)r-l ® {D-)r- 
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Therefore, gluing to D- = along E'^ we make the chain complex E^UEteE" 

Yi © eI^^ ® Y^^ ~ 

Yr ® iD+)r-l © {D+)r © ® © (£'-)r-l © C^Lj © {Dl)r-1 

®iD^)r © C,Li © (-Dl)r © (-D-)r-l © © (£'-)r-l © (-D-)r 

which is the chain complex over Z[Z k {H(BH^)] which must bound a 4-dimensional 
symmetric Poincare pair in order for {H,y,^)jjt — {H'' ,y\£^'^) to be second order 
algebraically null-concordant . 

Finally notice that E^ UEt^E" Y^ © Y^ is, as claimed, chain equivalent to 
E^EBEi Y(BY\ which is the complex which we were constructing to begin with. To 
see this, glue D_ on to Y'^ as above, again along £t = {D_)r(BCl_^®iDl)r 

but without expanding £)_ first, to get: 

Yr © {D+)r-l © iD+)r © (£'^)r-l © Y^^ © © Cj.^^ © (£'l)r-l © (£>_),. ~ 

© © iD+)r © © © {D^)r-l 

(SCr-2 © C^-1 © Cl_2 © © {D^)r = Ueefit ^ © 

We expand C7 in the chain equivalence here to get the algebraic equivalent of x 
5'" X / X / inside the S*^ x S*^ x /, represented by E, which glues together X and 
—X'' to form Z as in Proposition 18.11 Since the two chain complexes are chain 
equivalent, we sec that if one chain complex (V, Q) which fits into a 4-dimensional 
symmetric Poincare triad exists, then so docs the other, since we can compose the 
equivalences with the maps in the triad which wc know exists, to show that the 
maps exist in the other triad. This completes the proof. □ 

Remark 8.11. Proposition 18 . 1 01 shows that the putative inverse defined in Defi- 
nition 18.81 docs indeed give us an inverse, so that we have completed the task of 
showing the existence of the diagram below: 

Knots ^ V 



C 



with C — >■ AC2 a group homomorphism, as we set out to achieve in this chapter. 
We proceed in the next chapter to show the relationship of our constructions to the 
Cochran-Orr-Tcichner filtration. 



CHAPTER 9 



(1.5)-Solvable Knots are Algebraically 
(1.5)-Solvable 

This Chapter contains the proof of the following theorem. 

Theorem 9.1. A (1. 5) -solvable knot is algebraically (1. 5) -solvable. 

We proceed as follows. After recalling some definitions, we give a motivating 
discussion. The main tool for the proof will be the chain complex operation of 
algebraic smrgery, so before giving the proof of Theorem 19.11 we introduce and 
explain this theory. 

To aid the ensuing discussion we first recall once again the definition of (1.5)- 
solubility (from Definition 17. 4p and the definition of geometric surgery. 

Definition 9.2 ( |COT03] Definition 1.2). A Lagrangian of a symmetric form 
X: P X P — )- i?ona free i?-module P is a submodule i C P of half-rank on 
which A vanishes. For n g No := N U {0}, let A„ be the intersection form, and 
/i„ the self- intersection form, on the middle dimensional homology i72(W^'"''; Z) = 
H2{W;'Z[Tri{W)/7ri{WY'''>]) of the nth derived cover of a 4-manifold W, that is the 
regular covering space corresponding to the subgroup ■ki{W)'^"^ < ni{W): 

A„: H2{W;nMW)/MWn x H2{W;Z[tti{W)/7t,{W)^'''>]) 

->Z[7ri(VF)/7ri(M^)(")]. 

An (n)- Lagrangian is a submodule of H2{W; Z[tti {W) / ni{W)^^^]) , on which A,i and 
Hn vanish, which maps via the covering map onto a Lagrangian of Aq. 

We say that a knot K is (1.5)-solvablc if the zero surgery Mk bounds a topo- 
logical spin 4-manifold W such that the inclusion induces an isomorphism on first 
homology and such that W admits a (2)-Lagrangians with a dual (l)-Lagrangian. In 
this setting, dual means that Ai pairs the image of the (2)-Lagrangian non-singularly 
with the (l)-Lagrangian, and that their images freely generate H2{W;1). □ 

Remark 9.3. The symmetric structure is not subtle enough to allow us to define 
the self- intersection forms For this, one needs a quadratic enhancement of the 
symmetric structure. Our obstruction theory is really obstructing knots from being 
rationally (1.5)-solvable, as in |COT03l Section 4], and in the Cochran- Harvey- 
Leidy work ([CHL09aJ, |CHL10| V At the Z[Z] level, however, there is no differ- 
ence between the symmetric and quadratic theories [RanSli Proposition 7.9.2 (ii)]. 

Definition 9.4. An elementary geometric r-surgery on an n-dimensional manifold 
M has as data an embedding g: x £)"-'" ^ M. The effect of the surgery is the 
manifold 

M' = cl(A'/ \ g(S"^ X D"-'')) Us^xs—i D''+^ x 
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which is the result of cutting out our embedded thickened sphere and gluing in 
instead D^^^ x S"^^^^. There is a cobordism, called the trace of the surgery: 

between M and AI'. Up to homotopy equivalence, M' is the result of attaching 
an (r + l)-cell to M along 5|s'-x{o}i f^nd then removing a dual cell of dimension 
(n-r). □ 

The idea of the proof of Theorem 19.11 is as follows. The Cappell-Shaneson 
technique looks for obstructions to being able to perform surgery on a 4-manifold 
W whose boundary is the zero framed surgery AIk, in order to excise the second 
Z-homology and create a homotopy slice disc exterior. The main obstruction to 
being able to do this surgery is the middle-dimensional intersection form of W, as 
in the Cochran-Orr-Teichncr definition of (n)-solubility. However, even if the Witt 
class of the intersection form vanishes, with coefficients in Z[7ri(M^)/7ri(PF)^^^] for 
testing (1.5)-solubility, this does not imply that we have a half basis of the second 
homology 

H2iW;Z[TTi{W)/TTi{Wn 

representable by disjointly embedded spheres, as our data for surgery: typically the 
homology classes will be represented as embedded surfaces of non-zero genus, whose 
fundamental group maps into 'Ki{W)^'^\ We cannot do surgery on such surfaces. 

However, the conditions on a (1.5)-solution are, as we shall see, precisely the 
conditions required for being able to perform algebraic surgery on the chain complex 
of the (1.5)-solution. The (1.5)-level algebra cannot see the differences between (2)- 
surfaces and spheres, so that we can obtain an algebraic {l.b)- solution V. 

In particular, the existence of the dual (l)-Lagrangian allows us to perform 
algebraic surgery without changing the first homology at the Z[Z] level, therefore 
maintaining the consistency condition. When performing geometric surgery on a 4- 
manifold W along a 2-sphere, we remove S"^ x and glue in xS^. As mentioned 
in Remark 17.51 removing the thickening potentially creates new elements of 
Hi{W; Z[Z]). However, the existence of a dual surface to the which we remove 
guarantees that the boundary of the thickening bounds a surface on the 
other side, so that we do not create extra 1-homology. This phenomenon will also 
be seen when performing algebraic surgery; as ever, the degree of verisimilitude 
provided by the chain level approach is as high as one could ever hope. 

Next, we give the definition of the algebraic surgery operation, which is the 
chain complex version of the surgery operation on manifolds, followed by some 
motivation of the construction. 

Definition 9.5. An n-dimensional symmetric complex {C,(p G (5"(C, e)) is con- 
nected if 

Hoiifio: C"-* ^C*) =0. 
An ri-dimensional symmetric pair 

(/: 7^,(5^,^) eQ" (/,£)) 

is connected if 



Hoi{ ^JJ, ) : Z?"-* ^ <^#'(/)*) = 0. 



□ 
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Definition 9.6. |Ran80|, Part I, page 145] Algebraic surgery is a machine which 
takes as input a connected 7i-dimensional symmetric chain complex over a ring 
A, {C,(p S (5"(C, e)), and which takes as data a connected {n + l)-dimensional 
symmetric pair: 

(/:C^A('5^,^)eg"+i (/,£)). 

The output, or effect, of algebraic surgery is the connected n-dimensional symmetric 
chain complex over A, {C',(p' G Q"(C",£)), given by: 

(-l)"+Vo/* 
with the symmetric structure given by: 




V's 




r+l 



and 



= a © Dr+i © 

for s > 1. The reader can check that d^, — and that {<^^} G (5"(C", e). Algebraic 
surgery on a chain complex which is symmetric but not Poincare preserves the 
homotopy type of the boundary: see [Ran80( Part I, Proposition 4.1 (i)] for the 
proof. □ 

Definition 9.7. The suspension morphism S on chain complexes raises the degree: 
{SC)r = Cr-i; dsc = dc. □ 

Remark 9.8. We give some geometric motivation for the formulae of algebraic 
surgery. When performing algebraic surgery, the complex D corresponds to the 
geometric relative complex C(W, M'). For an elementary algebraic r -surgery, which 
should correspond to an elementary geometric surgery, by excision D = C(W, M') ~ 
C(i:»"-^ S'"-'-!) S'"-''^. There is a chance for Sipo: ^ Dr to be non- 

zero if r = n + 1 — r; 6ipo is necessarily zero otherwise. In general for an elementary 
algebraic r-surgery there will only be one chance for a non-zero Sips : — > 
Dj, precisely when s = 2j — n — 1 and j ' = n — r, so s = n — 2r — 1. The choice 
of 6ip represents the choice of the framing, that is a choice of trivialisation of the 
normal bundle of our embedded sphere S^. 

Throughout an algebraic surgery operation the ring A remains unchanged; for 
the low-dimensional examples which we are interested in we have to take care of 
any changes in fundamental group and therefore in the group ring separately, as 
we have done throughout this work. 

By Poincare-Lefschetz duality, £)'' = C(W,M'Y ~ C(VK,M)„+i_r via 6ipo. 
Consider the cofibration sequence: 

C(Af) ^ C{W) C{W,M) SC{M) SC{W). 
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By taking the algebraic mapping cone on the map 

fof* • -D*" Cn-r = SC„-r+l = SC{M)n-r+l, 

we can attach ceUs algebraically, and recover the complex SC{W). Note that for 
an elementary algebraic surgery the image of the map /* is the cohomology class 
which is dual to the homology class we are trying to kill. In geometry, this is the 
homology class given under the Hurewiez map by the map 

5ls-x{o}: S'' ^ M ETTriM), 

where g is the data for the corresponding geometric surgery. We can therefore see 
that taking a mapping cone on ipof* attaches algebraically the required (r + l)-cell. 

The key fact then is that we can always trivially desuspend algebraically; just 
lower indices. Geometrically desuspending is often difheult and in general not pos- 
sible. We can therefore recover C{W) from SC{W). Consider another cofibration 
sequence: 

C(M') -> C{W) C{W,M') ^ SC{M'). 

We can now take another algebraic mapping cone on the map {f,SipQ): C{W) = 
a©D"-''+i C{W, M')r = Dr to obtain SC{M'). RecaU that above we used the 
dual complex C{W, 1'/')"+^^'" to represent the complex C{W, M)r without using the 
duality map, Sipo, whence its inclusion here. This has the effect, for an elementary 
surgery, of removing the dual cell algebraically; in algebra it is not possible to 
remove cells, only to take mapping cones. The appearance of 6tpo here means that 
the choice from geometry of framing in TTr{SO{n — r)) for the thickening disk 
under the embedding g: x D"^^ ^ M is taken into account in the algebra. For 
an elementary surgery, when D = S"'~^A, the map / represents a cohomology class 
in i/"^''(C), which is killed by the surgery. Finally, we desuspend SC{M') to get 
C(M')r ^Cr® Dr+i © D^-'^+i. I would like to thank Tibor Macko for telhng me 
about this explanation of algebraic surgery using cofibration sequences. 

Proof of Theorem 19.11 We need to show that the triple {H^ , ,^^) of a 
(1.5)-solvable knot K, with a (1.5)-solution W, is equivalent to the identity element 
of AC 2, which is represented by the triple ({0}, 3^*^, Id{o}) corresponding to the 
unknot. 

The chain complex 

Nk := 1>E'<(BEU © 

is chain equivalent to the chain complex Cif{MK\ Z[ZKffi [Mk] Z[Z])]) of the second 
derived cover of the zero framed surgery on K . Our first attempt for chain complex 
which fits into a 4-dimensional symmetric Poincare triad as required in Definition 
18.31 is the chain complex of the second derived cover of the (1.5) solution W 

{V',&) (C4M/;Z[Z x Hi(T4^; Z[Z])]), \A([M^, M^^])), 

so that 

H' := Tri{W)^'^yTri{W)^^'> ^ Hi{W;Z[l]), 
and we have the triad: 
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(Id,Idi»rogif ) 



rf- 



with a geometrically dcfiiicd consistency isomorphism 



V). 



The problem is that H2(W] Z) is typically non-zero: if it were zero, we would 
have our topological concordance exterior and in particular K would be second order 
algebraically slice. We therefore need, as indicated above, to perform algebraic 
surgery on V' to transform it into a Z-homology circle. We form the algebraic 
Thorn complex (Definition I4.13P : 



C^{W, Mk; Z[Z k H']) ~ y '^{{5, {-ly 



-17^, (-ir 



{NK)r 



E., 



K 



'E, 



K 



with symmetric structure := 0'/(O yj^KQ_^u $ 



E'. 



-$'^). In this chapter the 



bar is again a notational device and has nothing to do with involutions. 

This gives us the input for surgery, since the input for algebraic surgery must 
be a symmetric chain complex. Next, we need the data for surgery. 

As in the proof of |COT03"1 Proposition 4.3], any compact topological 4- 
manifold has the homotopy type of a finite simplicial complex. jCOTOSl Proposi- 
tion 4.3] cites jKS77[ Theorem 4.1], but it might be better to look at |KS77[ An- 
nex B III, page 301]. In particular this means that H2{W;Z) is finitely generated. 
We therefore have homology classes . . . ,1'/^ € H2{W; Z[Z x H']) which generate 
the (2)-Lagrangian whose existence is guaranteed by definition of a (1.5)-solution 
W. There are therefore dual cohomology classes h, . . . ,lk & H^{W, Mk] Z[Z k H']), 
by Poincare-Lefschetz duality. Taking cochain representatives for these, we have 
maps h: V2 — !> Z[Z x H']. We then take as our data for algebraic surgery the 
symmetric pair: 

iJ-.V^B := 5^(0 Z[Z K H']), (0, 9)). 



where 



f = {h 



,lk) 



^■V2 



^2 = AZ X H']. 



The fact that the U arc cohomology classes means that Udy — 0, so that / is 
a chain map. The requirement that the l[ generate a submodule of 

H2{W\Z[Z K H']) = H2{V') 

on which the intersection form vanishes means that the duals U generate a submod- 
ule of H'^(y) on which the cup product vanishes. The cup product of any two U, Ij 
is given by: 

Kih ® h){[W, Mk]) = {k ® h){^oi\W, Mk])) = {k ® lj)Qo. 
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which under the slant isomorphism is kOol*, and so we see that each of these 
composites vanishes. 

The only possibility for non-zero symmetric structure in the data for surgery 
would arise when s = n — 2r— 1 = 4 — 2-2 — 1 = — 1, sono such non-zero structure 
maps exist. Therefore the condition for our data for surgery to be a symmetric pair 
is that: 

JOoT = 0; 

which is the condition that the k x k matrix with (i, j)th entry liQol*, is zero. 
This is satisfied as we saw above, since kOol* : Z[Z ix H'] — > Z[Z tx H'] is a module 
homomorphism given by multiplication by the same group ring clement as the 
evaluation on the relative fundamental class [W, Mk] of the cup product of two 
cohomology classes dual to the (2)-Lagrangian, and so equals the value of \2{li, Ij)- 
This means that we can proceed with the operation of algebraic surgery to form 
the symmetric chain complex (V,Q), which is the effect of algebraic surgery, shown 
below. We may assume, since is a 4-manifold with boundary, that we have a 
chain complex V' whose non-zero terms are Vq, V{, V2 and V^. The non-zero terms 
in V will therefore be of degree less than or equal to four. 

The output of algebraic surgery, which wc denote as {V,Q) is then given, from 
Definition 19. 6[ by: 



V 




en 







60 
1 



■r 



On 



dy -60/ 



fl* 



f 



V ®B2 







Vi ® B2 



V 



eo_ 

-fTQi -1 



dy 



The higher symmetric structures arc just given by the maps Qs for s 
except for the map: 

ei= ( j^-Q^ ^ :F'^Fi©B2. 



1,2,3,4 



Next, we take the algebraic Poincarc thickening (Definition l4.13p of V to 

iv-dV V^-*, 
where, as in Chapter [U we define the complex V^~* by: 

with boundary maps 

d*: {V^-*)r+i iV^-*)r 

given by 

d* = i-lY+^d*y, 



set: 
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where dy is the coboundary map. By jRan80( Part I, Proposition 4.1 (i)], the 
operation of algebraic surgery does not change the homotopy type of the boundary. 
There is therefore a chain equivalence: 

(Nk, U^K^_^u <i>^ © -(f>^) (dV, 96), 

so that using the composition of the relevant maps in: 

Nk = e'^ Ue'<(be^ © a ay ^ v^~* 

we again have a 4-dimensional symmetric Poincare triad: 

(S^', 0^) © {E^, -cjf) {E^, 0) 



To complete the proof we need to check the homology conditions of Definition 18.31 
namely that V^~* has the Z-homology of a circle and the consistency condition 
that there is an isomorphism ^' : H' ^ iJi(Z[Z] ®i[zkH'] V^~*). We have: 

Hi{Z ®^j^^H'] V^-*) = i7"(Z «.z[zxH'] V) ^ H"iW, Mk; Z) - H^iW; Z) - 0, 
and 

Hoil' ®z[z^H'] V^~*) = H\Z ®z[z^H'\ V) = H\W, Mk; Z) = Ho{W; Z) ^ Z, 

as required. For each basis element (0, . . . , 0, 1, 0, . . . , 0) S B^, where the 1 is in the 
ith entry, we have, for v G 

7*(0,...,0,l,0,...,0)(z;) = (0,... ,0,1,0,. ..,0)7(«) 

= (0,...,0,l,0,...,0)(/i,...,?fc)^(«) = 

]^ 2 * 

This means, since no U lies in the image oid^: V -^V ^ that the kernel of (d^, / ) 
is zero, so that: 

Hi{1 ®z[ZKH'] V^-*) = H\Z ®z[zv^H'] V) = H\W,Mk;Z) ^ 0. 

Also, since the k are in the image of / , they are no longer cohomology classes of 
V'^~* as they were of V. At this point we need the dual classes; recall that we have, 
from Definition 19.21 classes d[,...,d'f. G i/2(VF; Z[Z]), whose images in H2{W;'Z) 
we also denote hy d[, . . . , dj., which satisfy 

We therefore have, by Poincare-Lefschetz duality, classes: 

di,...,dkeH^W,MK;nn), 

2 

with representative cochains which we also denote di, . . . ,dk € V . 

Since, as above, the intersection form is defined in terms of the cup product, 
we have, over Z[Z] and Z, that: 

kQ*od* = 6ij. 
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We can use Oq = TQq instead of Oq to calculate the cup products due to the 
existence of the higher symmetric structure chain homotopy Qi. Then 

-/e;^) = -7eod*(i) = -aieod*(i),...,/,e;d*(i)f 

= -(0,...,0,l,0,...,Of = -e„ 

where the 1 is in the jth position, and for = 1, . . . , fc we denote the standard basis 
vectors by 

Cj := (0, ...,0,1,0, ...,0)'^ e B2. 

This means that the dj are not in the kernel of — /Og. Then, since dy{dj) = as 
the dj are cocyclcs in wc know that the dj arc no longer cohomology classes in 
H2{Z ®i[ikH'] y^^*)- The group H'^{Z ®z[ZkH'] was generated by the classes 
li, . . . ,lk,di, . . . ,dk, which means that we now have 

Moreover, over both Z[Z] and Z, taking the element D := fo'" 
elements ai, . . . , e Z[Z], we have that: 

k k 

This means that — /Oq is onto B2. Therefore: 

so the first homology remains unchanged at the Z level as required. Similarly, with 
Z[Z] coefficients, we have the isomorphisms: 

H' ^ Hi{W;Z[Z]) ^ H^{W,Mk;1[Z]) 

^ H\Z[Z] ®z[ZKff'] V) ^ H,{Z[Z] ®z[ZKH'] V^-*), 

which define the map 

e : H' ^ H^{Z[Z] ®z[z><H'] ^'-*), 

so that the consistency condition is satisfied. Since H' is isomorphic to the Z[Z]- 
homology of a finitely generated projective module chain complex which is a Z- 
homology circle, we can apply Lcvinc's arguments [Lev77| Propositions 1.1 and 1.2], 
to see that H' is of type K. This completes the proof that (1.5)-solvable knots are 
second order algebraically slice, or algebraically (1.5)-solvable. □ 
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Remark 9.9. Theorem 19.11 shows that we can extend our diagram to the fohowing: 

Knots ^ V 




so that the homomorphism from C to AC2 factors through ^(1.5) as claimed. In the 
next chapter we show how to extract the Cochran-Orr-Teichner obstructions from 
an element of AC2- 



CHAPTER 10 



Extracting the Cochran- Orr-Teichner 
Concordance Obstructions 



In this chapter we aim to complete our diagram: 



Knots 



V 



C 



AC2 




V 

^ COT(c/i.5), 



C/J^{1.5) 



by explaining the map AC2 — > COT(^c/i.5) ^J^d showing that it is a morphism of 
pointed sets. Recall that T := Z k Q{t)/Q[t,t-^]. The map C/-F(i.5) COT (c/1.5) 
was defined in Section [2l We will show that: 

Theorem 10.1. A triple in AC2 which is second order algebraically concordant to 
the triple of the unknot has zero Cochran- Orr-Teichner metabelian obstruction; i.e. 
it maps to U in COT^c/i.5)- 'S'^e Theorem \10.13\ for a more general and precise 



To define the map AC2 — COT(c/i.5) , we begin by taking an element {H, y, ^) € 
AC2, and forming the algebraic equivalent of the zero surgery Mk- We construct 
the symmetric Poincare complex: 



{N, 9) := {{Y © (Z[Z X H] ©^^j Y^)) U£e(z[z 



In the case that y ~ y is the fundamental symmetric Poincare triad of a knot 
K, we have that: 



By defining representations ZkH — > F, we will obtain elements of L^(Qr, QF— {0}). 
Recall that L^(QF,QF — {0}) is the group of 3-dimensional symmetric Poincare 
chain complexes over QF which become contractible when we tensor over the 
Ore locahsation (Definition [LSI) ^ of QF with respect to QF - {0}. The group 
L''(QF,QF - {0}) fits into the localisation exact sequence: 



statement. 



Nk ^ C4Mk;Z[Z k H]). 



L\Qr) ^ 4 (/C) ^ L\QT, QF - {0}) ^ l3(QF). 
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In geometry, a (l)-solvable knot K has a zero-surgery Mk which bounds over QF 
for a subset of the possible representations, by jCOTOS"! Theorems 3.6 and 4.4], so 
that: 

Nk e ker(L4(Qr, QT - {0}) ^ L^iQT)). 

In such circumstances, A^a' = e L'^iQT, QT - {0}) if and only if a lift into -L|(/C) 
is zero in 

4(/C)/im(i4(Qr)) - 4(/C)/im(L0(Qr)). 

In turn the reduced L^^^-signature (Section I7I3P obstructs the vanishing of an ele- 
ment of Lg(/C)/ im(L"(Qr)). We will describe how to define the signatures purely 
in terms of the algebraic objects in AC2- By making use of a result of Higson- 
Kasparov }HK97| which applies to PTFA groups, we do not need to appeal to 
geometric 4-manifolds in order to define Von Neumann p-invariants. 
The first step is to define the representation 

p: Z K -> r, 

which sends Z k iJ, for varying H, to a fixed group, the so-called universally (1)- 
solvable group of Cochran-Orr-Tcichncr: 

r := Z IX 



To define a representation, just as in Chapter [71 choose a. p G and define: 

p: in,h)^in,B\{p,h))£r, 
where Bl is the Blanchfield pairing, 

Q(*) 

Bl: H xH^ 

which we will define below. The key point is that the chain complex with symmetric 
structure: 

(Z[Z] ®z[ZKff] N,U®0), 
contains the information necessary to extract the Blanchfield pairing. Note that 

ifi(Z[Z] Y) ^ ifi(Z[Z] N). 

This isomorphism, which is the algebraic equivalent of Hi{X; Z[Z]) = Hi{Mk \ ^[Z]), 
arises in the Mayer- Vietoris sequence, since 

ifi(Z[Z] «)z[zxff] (Z[Z K H] ®z[z] y^)) = Hi{Y^') = 0. 
We compose ^ with the rationalisation map, to get: 

C-.H^ iJi(Z[Z] ®z[ZKff] N) ^ ifi((Q[Z] ®z[zxff] N). 

The second map is injective by Theorem l6.2l fb): H is Z-torsion free. In this chapter 
we abuse notation and also refer to this composition of ^ with the rationalisation 
map as ^. 

Proposition 10.2. Given [x], [y] G i?i(Q[Z] (E)N), the rational Blanchfield pairing 
of [x] and [y] is given by: 

B\{[x],[y]) = ^7{x) 

where: 

x,ye (Q[Z] N)i, 
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d*{z) ^ sO'^iy) for some s G Q[Z] - {0}, 

and 

O'o - (Qin ®m^H\ N)i (Q[Z] ®z[zxH] Nf 
is part of a chain homotopy inverse 

O'o - (Qm ®z[ZKH] N)r ^ (Q[Z] 7V)3--, 

so that 

0oo9ac^ Id, o 6io :^ Id . 
The Blanchfield pairing is non-singular, sesquilinear and Hermitian. 

Proof. For this proof, write (C, 6*) (Q[Z] (8)z[z><if] N,ld®9). Wc give some 
detail when checking the properties of the algebraically defined linking form in this 
proof, since as far as the author is aware these details, which are admittedly fairly 
straight-forward, do not appear in the literature. The complex (C, 9) is a symmet- 
ric Poincarc complex, which implies that is a chain equivalence. Therefore there 
exists a chain homotopy inverse 9'q. Inspection of the sequence of isomorphisms 
which defined the Blanchfield form in Definition 17.61 shows that the formula given 
in Proposition [T0]2] is the corresponding chain level calculation. The isomorphisms, 
given by Poincarc duality, a Bockstcin, and universal coefficients, are defined alge- 
braically: the only one which was not a chain complex construction was taking the 
Poincarc dual, and this became an algebraically defined chain complex map with 
the use of the symmetric structure. Therefore the pairing is non-singular. This 
also follows by algebraic surgery below the middle dimension, since C is a Poincare 
complex and Q[Z] is a principal ideal domain and therefore a Dedekind domain: 
see [RanSH Section 4.2]. We can define a linking pairing 

Bl: TH^{C) X TH^{C) Q{t)/Q[t,t-\ 

as on |Ran81[ page 185], as follows. For torsion u, v G H^(C), we define: 

m{u,v) := -9o{u){w), 
r 

where w G is such that d*{w) = rv for some r G Q[Z] — {0}. This uses the 
identification of a module with its double dual as in Definition 14.71 

C^^C**; x^if^Ji^). 

We can show that this definition corresponds to our definition of the linking form. 
We can then define: 

Bl: THiiC) X TH,{C) ^ Q{t)/Q[t,t-^] 

by 

B\ix,y) ■.^Bli9',ix),9'o{y)). 

This means that: 

Blix,y)^-i0o{9'oimiz), 
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where z e C\ s £ Q[Z] - {0} are such that d*{z) = s6'(,(y). Let k : C^ ^ C^+l be 
the chain homotopy which shows that 9q o 9'^^ ^ Id . Then: 

B\(x,y) = - (Id +kd + dk)(x)(z) 
s 

= -{x + dk(x))(z) 
s 

1- 



= —z{x 



= —z{x 



= —z{x 



= —z{x 



= —z{x 



id*{z)mx)) 

■sO'oiym^)) 



which means that: 



Bl(x, y) = -z{x) e 



since 9'Q{y){k{x)) g Q[t,t To show that this definition is independent of the 
choice of s and z, suppose that also there is s' £ Q[Z] — {0}, z' £ such that: 

d*{z')^s'9',{y). 

Since also a; is a torsion element of Hi(C), there is a chain w £ C2 and an r G 
Q[t,t~i] such that d{w) = rx. Then: 

^ r 
r 



— z(x) -,z'{x) = 

s s' 



— z(x) :z'(x) 

s s' 



— z{x) t jz'{x) \ 



[-r{z[x)) - ^r{z'{x)) \ ^ 
\s s J r 

[ —zirx) -z'irx)] — 

\s s' J r 

( -z(dw) — \z'(dw)] i 
\s s' J r 

-d*{z){w) - ^d*{z'){w)] i 
s s J r 



is9',iy))iw) ^ -is%iy))iw) ^ 



{9'o{y))H-^--jmy)){w)s' - 



-s{9',iy))M - ^s'i9',{y)){w) ) - 
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Furthermore, for p, <? G Q[t,t~^]: 
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B\{px,qy) = -{qz){px) ^ -pz{x)q = -qz{x)p, 



so that Bl is sesquihnear. To show that Bl is Hermitian, we will show that Bl is 
Hcrmitian. Recall that for x,y G C^, 



B\{x,y) = -z{eo{x)), 



where s G Q[t, t^'^] - {0}, z e are such that d*z = sy. 

First, we claim that we can calculate Bl using T9o = Oq instead of Oq. That is: 



-^z{eo{x))--^z(e*{x)) = -^ziOo - e*){x) 

= -z{{d9i - 9id*){x)) 
s 

= -z{d9,{x)) 
s 

s 

= -{symix)) 

s 

= -y{9^{x))s 
s 

= hlJiM^ 
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Since y{9i{x)) £ Q[t,t this is zero in (J{t)/Q[t,t ^] as elaimed. Now, suppose 
we also have an r G Q[t, t^^] — {0}, w G , such that dw ~ rx. Then: 

1 



Bl(x,2/) = -z{ei{x)) 

= -z{ei[x))r\ 
s r 

= ^-rz{ei{x))l 
s r 

= lz{e*{rx))l 
s r 

= -z(9*(d*w))^ 
s r 

s r 

= -d*z(e*(w)) = 
s r 

s r 

s r 
1 



1 



= ^w{eoiy))=B\{y,x), 

which shows that Bl and therefore Bl is Hermitian. This completes the proof of 
Proposition [Tir^ □ 

Definition 10.3. We define B\: H x H ^ Q{t)/Q[t,t-^] by: 

B\{p, h) :=Bl(^(p),eW), 
recalling that we also use ^ to denote the map: 

i-.H^ i/i(Z[Z] N) y-^ HilSm ®z[ZKff] 

□ 

Definition 10.4. A Poly-Torsion-Free-Abelian, or PTFA, group F is a group 
which admits a finite sequence of normal subgroups 

{1} = To < Ti < ... < Tfe = r 

such that the successive quotients Ti^i/Ti are torsion-free abelian for each i > 
0. □ 

Proposition 10.5. The chain complex: 

(Qr ®z[zxff] N,id^0) 
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defines an element of L*(Qr,Qr — {0}). That is, K. (E)Qr Qr 'S>z[zt<H] N is con- 
tractible. 

Proof. First note that T is a PTFA group (see |COT03| Sections 2 and 3], 
since 

which is abehan and means that 

^ - Z. 



[r,r] 

The fact that T is PTFA means that, by |COT03| Proposition 2.5], the Ore 
locahsation of QP with respect to non-zero elements QP — {0} exists. Wc will need 
the following proposition. 

Proposition 10.6. [COT031 Proposition 2.10] If C* is a nonnegative chain com- 
plex over QP for a PTFA group P which is finitely generated projective in di- 
mensions < i < n and such that ®Qr C,) for < i < n, then 
H,{K. ®QrC,) ^0. 

Note that the hypothesis that the chain complex is finitely generated free for 
Proposition 110.61 can be relaxed to C being a finitely generated projective module 
chain complex, since this still allows the lifting of the partial chain homotopies. 
The rest of the proof of Proposition 110.51 follows closely that of |COT03l Propo- 
sition 2.11], but in terms of chain complexes. The chain complex of the circle 
a(5i;Q[Z]) is given by: 

Q[Z] Q[Z]. 

Tensor with QP over Q[Z] using the homomorphism p o (/-)», where we have 
to define (/_)»: Z — Z k H. Recall that /_ is a chain map in our symmetric 
Poincare triad y fPcfinition 16. 4p . and so wc define (/-)* to be the corresponding 
homomorphism of groups: there is, as ever, a symbiosis between the group elements 
and the 1-chains of the complex. The homomorphism (/-)*: 1 ^ 1 t< H sends 
t !->■ (l,/ii), where hi is, as in Definition 16.41 the element of H which makes /_ a 
chain map. Thus, passing from C*(S'^; Q[Z]) to Ch<(S'^;QP), we obtain: 

Qr ®Q[z] Q[z] = QP ^p<f-^'^'^-^\ Qr 0q[z] q[z] = qp. 

The chain map 

1 ® /_ : QP) = QP «)z[zxif] ^- ^ Qr ®z[zxff] F ^ QP ®z[zxff] 

is 1-connected on rational homology. Therefore, by the long exact sequence of a 
pair, 

i/fe(Q ®w "^(l ® I- ■■ C*(5^ Qr) ^ QP ®^z^H] N)) = 
for fc = 0, 1. We apply Proposition 110. 6| with n = 1 and C, = '^{1 (E> /-), to show 
that: 

HkilC ®Qr -^(1 ® /- : QP) ^ QP ®ziz^h] N)) ^ 

for fc = 0, 1. This implies, again by the long exact sequence of a pair, that there is 
an isomorphism: 

Ho{S';IC)^Ho{IC ®z[l^,h] N) 

and a surjection: 

Hi{S^-lC) ^ Hi{K ®^z^H] N). 



156 



10. EXTRACTING THE COCHRAN-ORR-TEICHNER OBSTRUCTIONS 



As in the proof of |COT03l Proposition 2.11], t maps to a non-trivial element 

P o {f_)4t) = p{i, h,) = (1, Bi(p, h,)) G r. 

Therefore po{f^)^{t) - 1 7^ £ QF is invertible in /C, so H^{S^;IC) =^ 0. This then 
implies that 

for fc = 0,1. 

The proof that QF ^z[ZkH] N is acychc over JC is then finished by applying 
Poincare duality and universal coefhcients. The latter theorem is straight-forward 
since /C is a skew-field, so we see that: 

for A; = 2,3 as a consequence of the corresponding isomorphisms for fc = 0, 1. A 
projective module chain complex is contractible if and only if its homology modules 
vanish jRan02( Proposition 3.14 (iv)], which completes the proof. □ 

Remark 10.7. We can always define, for any representation which maps gi to a 
non-trivial clement of P, a map 

AC2 -> l4(QP,QP- {0}). 

However, we will only show that it has the desired property: namely that it maps 
e AC2 to e L4(QP,QP - {O}), in the case that ^{p) S P, where p is in the 
definition of the representation p: Z K _ff — >■ P, for at least one of the submodulcs 
P C ®z[ZkH] N) such that P = P^: that is, P is a mctaboliscr of the 

rational Blanchficld form: 



Bl: Hi{Q[t,t-^] ®z[zxH] N) x Hi{Q[t,t-^] ®z[ZxH] N) -> 




This complicated vanishing for the Cochran-Orr-Teichner obstruction theory is en- 
coded in the definition of CC'7"(c/i.5): see Definition l7.13l We have a two stage def- 
inition of the metabelian Cochran-Orr-Teichner obstruction set, since we need the 
Blanchfield form to define the elements and the notion of vanishing in COT [c/ 1.5) j 
whereas an element of the group AC2 is defined in a single stage from the geometry, 
via a handle decomposition. Both stages of the Cochran-Orr-Teichner obstruction 
can be extracted from the single stage element of AC2- First, we explain the map 
AC2 ACi. 

Definition 10.8. We recall the definition of the algebraic concordance group, which 
we denote ACi. We give three equivalent formulations; for proofs of their equiva- 
lence, see }Ran03| . A Seifert Form is a finitely generated free Z-module S with a 
Z-modulc homomorphism: 

V: S^S* =Homz(S',Z), 

such that V — V* is an isomorphism. We define the Witt group of equivalence 
classes of Seifert forms, with addition by direct sum and the inverse of (S*, V) given 
by (5, —V). We call an element (5*, V) metabolic if there is a basis of 5* with respect 
to which V has the matrix: 
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for block matrices A, B, C such that C ~ and A — is iiivertible. We say that 
(5, V) is equivalent to (5', V) if (5 ® S", F © -V) is metabolic. Levine |Lev69| 
Lemma 1] proves that this is an equivalence relation. 

A Blanchfield form is an Alexander Z[Z]-module H (Theorem l6.2p with a 
module isomorphism: 

Bl: H ^ H"" := }iomz[z]iH,QiZ)/Z[Z]), 

which satisfies Bl = Bl'^. We define the Witt group of equivalence classes of 
Blanchfield forms, with addition by direct sum and the inverse of {H, Bl) given by 
{H, — Bl). We call an element {H, Bl) metabolic if there exists a metaboliser P C H 
such that P ~ P^ with respect to Bl. We say that {H, Bl) is equivalent to {H' , Bl') 
is {H © ff'jBl© — Bl') is metabolic. See Lemma [10.91 for the rational version of 
the proof that this transitive and is therefore an equivalence relation. The integral 
version is harder, but follows from the proof (see jRan03[ Theorems 3.10 and 4.2]) 
of the fact that the Witt group of Seifert forms and the Witt group of Blanchfield 
forms are isomorphic. 

As in |Ran03| , both of these Witt groups can be expressed in terms of sym- 
metric L-theory by inverting the element 1 — t G Z[i,t^^], as: 

where A := {p G Z[t,t~^] \p{l) — ±1}. This is a group under the addition of chain 
complexes by direct sum, the inverse of an element {N, 0) is given by {N, —0), and 
an element is zero if it is the boundary of a 4-dimensional symmetric Poincare pair 
j: N over Z[t, t''^, (1 - t)-i] such that U is contractible over A-iZ[t, (1 - 
t)-i]. □ 

We only prove the rational version of the following lemma, since this was all 
we needed in Proposition 17.141 to see that the equivalence relation on COT(c/i.5} 
was transitive. In particular, in the proof of Proposition I7.14i we needed an ex- 
plicit description of the new metaboliser, as provided by Lemma 110.91 In the case 
of integral Blanchfield forms, the result follows from the corresponding result for 
integral Seifert forms. The proof of Lemma [10.91 relies on the fact that Q[Z] is a 
principal ideal domain. The Witt group of integral Blanchfield forms injects into 
the Witt group of rational Blanchfield forms (see Proposition 110. lOp , so working 
with rational coefficients is not a large restriction. 

Lemma 10.9. Let (i/, Bl) and (iJ',Bl') be rational Blanchfield forms. Suppose 
that 

{H © 7?',B1©B1') is metabolic with metaboliser P = P^ Q H ® H' , and that 
(i/',Bl') is metabolic with metaboliser Q = C H' . Then (i7, Bl) is also meta- 
bolic, and a metaboliser is given by 

R-~ {he H\3qeQ with {h, q)eP}C H. 

Proof. A Blanchfield form is the same as a 0-dimcnsional symmetric Poincare 
complex in the category of finitely generated Q[t, t^^]-modules with 1 — t acting as 
an automorphism. By |Ran81[ Propositions 3.2.2 and 3.4.5 (ii)], a metaboliser P 
for a Blanchfield form (H, Bl) is the same as a 1-dimensional symmetric Poincare 
pair 

(/: C^Z?,(0,B1^)), 
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where C = S"H^ and D = S°P^, in the category of finitely generated Q[t,t-^]- 
modules with 1 — t acting as an automorphism. This is an algebraic null-cobordism 
of Bl^). Since Q[t, t~^] is a PID, all modules are automatically of homological 
dimension 1. We need to check that a submodulc P C H also has 1 — t acting as an 
automorphism. To see this, first note that since P is a submodule, it is preserved by 
1— t, so {l~t){P) C P. Therefore ker(l — i: P ^ P) = 0, since there is no kernel of 
l—t:H—)'H. Note that submodules of H are also finitely generated since Q[t, t~-^] 
is Noetherian. Since we may also consider 1 — P— >Pasa linear transformation 
of a finite dimensional Q-vector space, it must therefore be an automorphism as 
claimed, for dimension reasons. Let 



P ^ H®H' 



and 



h:Q^H' 

be the inclusions of the mctaboliscrs. We therefore have symmetric Poincarc pairs: 
(( 5'^ ) : i/^ ® H"^ ^ = Dq, (0, Bl^ © Bl'^)) 

and 

(/i^:if'^^Q^ = i?^,(0,-Br)). 

We have introduced a minus sign in front of Bl'^, so that we can glue the two 
algebraic cobordisms together along H'^ to yield another algebraic cobordism. 



.9'" 



Co 



■P' 



n" 



Here {D",0 Ubi'a 0) is not 0-dimensional, so we cannot yet deduce that we have a 
metaboliser. Since 1 — t acts as an automorphism on submodules, it also acts as 
an isomorphism on H^,{D"). Also, again since Q[t,t~^] is Noetherian, Hif{D") is 
finitely generated. Therefore by }Lev77|, Corollary 1.3], H^:{D") is Q[t, i~^]-torsion. 
Since Q[t,t"^] is a PID, we have universal coefficient theorem isomorphisms. We 
therefore have the following standard commutative diagram 



H\D",C) 



H^{D",CY 



of t ^]-torsion modules with exact rows and vertical isomorphisms, which by a 
standard argument, given in Theorems 17. 71 and 110 . Ill shows that 

R := imfH"(P>") ^ H\C) 
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is a metaboliser for Bl^ : H^{C) = iJ'"^ x ^ Q{t) /Q[t,t-^], where the over- 
hne indicates the use of the involution. We make the identifications 



and 
so that 



(^/,l)A ^ ^/AA ^ 



= ker ( ( 5' h):P®Q^H'). 
Since the identification H'^^ = H involves an involution, we have that 



R = R. = im\^{ g ) : ker ( ( g' h ) : P ® Q ^ H') ^ Hj , 
is a metaboliser for Bl. Finally, this is indeed equal to 

{heH\3qeQ with {h, q) e P}, 
as required. □ 
Proposition 10.10. There is a surjective homomorphism 

AC2 ACi, 
where ACi is the algebraic concordance group. 

Proof. We use the formulation in terms of the Blanchfield form, since we have 
already explained how to extract the Blanchfield form from the chain complex, and 
since a very similar argument to that which would be used here in terms of L-theory 
will be given in the proof of Theorem llO.il Given an element {H, y, ^) g AC2, we 
can find the Blanchfield form on the Z[Z]-module: 

Bl: Hi{Z[Z] (^z[z^H] Y) x H,{Z[Z] ®^[^^h] Y) ^ 

just as in Proposition ll0.21 but with Q replaced by Z in the coefficient ring. The fact 
that H is homological dimension 1 means that even though Z[Z] is not a principal 
ideal domain, the universal coefficient spectral sequence still yields an isomorphism: 

H\Q{Z)/Z[Z] ^z[z^H] Y) A Homz[z](ffi(Z[Z] ®z[ZKff] F), Q(Z)/Z[Z]), 

as proved in [Lev77| . The integral Blanchfield form is therefore also non-singular. 
To see that addition commutes with the map AC2 ACi, note that the Alexander 
modules add as in Proposition 15.61 The symmetric structures also have no mixing 
between the chain complexes of Y and in the formulae in Definition 16. 6[ so that 
the Blanchfield form of a connected sum in AC2 is the direct sum in the Witt group 
of Blanchfield forms. Surjectivity follows from the fact (see jLev77j ) that every 
Blanchfield form is realised as the Blanchfield form of a knot, and therefore as the 
Blanchfield form of the fundamental symmetric Poincare triad of a knot. 

We will show the following, which we state as a separate result, and prove after 
the rest of the proof of Proposition 110. lOl 

Theorem 10.11. For triple {H,y,S,) G AC2 which is second order algebraically 
concordant to the unknot, via a 4- dimensional symmetric Poincare pair: 

(j: Z[ZKi7'] ®^p^^,Ar^y, (9,0)), 
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if we define: 

P ker(j; : i/i(Q[Z] ®z[zxH'] Z[Z k H'] ®z[ZxH] N) ^ i/i(Q[Z] «.z[ZkH'] ^)), 
t/ien P is a metaboliser for the rational Blanchfield form on _ffi(Q[Z] OzfZxH] -^)- 

Before proving Theorem 110. 11[ wc will first show how it implies Proposition 
110.101 Now recall that the Witt group of integral Blanchfield forms injects into the 
Witt group of rational Blanchfield forms. To see this, first note that: 

iJi(Z[Z] «)z[ZKff] N) ^ 7Ii(Q[Z] ®z[zxff] iV) = Q 8)z i?i(Z[Z] ®z[zxff] 

The first map is an injection since /i'i(Z[Z] OzpxH] ^) is Z-torsion free (Theorem 



|), while the second map is an isomorphism as Q is fiat as a Z- module. Then 
suppose that we have a metaboliser Pq for the rational Blanchfield form. This 
restricts to a metaboliser 

Pi ~ Pq n (Z ®z i?i(Z[Z] ®z[ZKff] N)) 
for the integral Blanchfield form, since the calculation, restricted to the image of 
iJi(Z[Z] CSizizkH] -^): is the same for the two forms. The symmetric structure 
map in the rational case is just the integral map tensorcd up with the rationals; 

(^o)Q = IdQ ^ziO'oh- 

Therefore, the only place that the two calculations could differ is if one took 

s e Q[t,t-^]\Z[t,t^^] 

or 

z e {Qin ®z[z 

In these cases we can clear denominators in the equation: 

d*{z) = s9',{y) 

to get: 

d*inz) = ns9'oiy), 

for some n e Z, so that now ns G Z[t,t^-'-] and nz G (Z[Z] ^ziZxH] N)^. Then: 

1 — n —— 1- 



— (nz)(x) — — z(x) — —z(x), 
ns ns s 

which is the same outcome. By Theorem 110.111 second order algebraically slice 

triples map to metabolic rational Blanchfield forms, which we have now seen restrict 

to metabolic integral Blanchfield forms. By applying Proposition 18. 101 we see that 

we have a well-defined homomorphism as claimed. This completes the proof of 

Proposition [lOlOl □ 

Modulo the proof of Theorem 110.111 we have the following diagram of homo- 
morphisms, 

C ^AC2 




C/J^{a.5) 



with geometry on the left and algebra on the right; the bottom map is an isomor- 
phism: see |COT03| Remark 1.3.2]. 
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Next, we will proof Theorem 110. Ill This theorem is an algebraic reworking of 
[COT031 Theorem 4.4] (our Theorem 1 7. 7^ : it is crucial for the control which the 
Blanchfield form provides on which 1-cyclcs of Q[Z] <E)2,[zkH] ^ bound in some 4- 
dimcnsional pair, which in turn controls which representations extend over putative 
algebraic slice disc exteriors. 

Proof of Theorem 110.111 A large part of this proof can be carried over 
almost verbatim from the proof of [COT031 Theorem 4.4], which was our Theorem 
17.71 subject to a manifold-chain complex dictionary, as follows. The homology of 
Mk with coefficients in a ring R should be replaced with the homology of: 

the (co)honiology of W with coefficients in R should be replaced with the (co)homology 
of: 

R®z[ZkH'] V; and 

the homology of the pair {W,Mk) with coefficients in R should be replaced with 
the homology of: 

R ®z[z><ff'] ^(j : Z[Z X H'] ®ziz^H] N ^ V). 
To complete the proof we need to show that: 

(i) : The relative linking pairings [3rei arc non-singular. This will follow from 
the argument in the proof of Theorem 17.71 once wc show, for an algebraic 
(1.5)-solution V, that 

H,{QiZ) V) ^ 0. 

Note that this also implies by universal coefficients that 

if*(Q(Z) V)^0, 

and that H^,{Q[Z,] ®i[zkH'\ is torsion, since Q(Z) is flat over Q[Z]. 

(ii) : The sequence 

'ii>Z[ZKH'] V) 

is exact. 

To prove (i) we once again apply Proposition 110.61 here to the chain complex 

Q[Z] ®z[ZKif'] '^{j o f- ■■ Z[Z K H'] ®z[ZKff] V). 

Since j o /_ induces isomorphisms on rational homology, the relative homology 
groups vanish: 

H.iQ ®Q[z] Q[Z] «)z[zxff'] ^(i ° /-)) = 0. 
Proposition 110.61 then says that: 

H^QiZ) ®Q[z] Q[Z] «)z[zx//'] '^U o f-)) ^ 0, 

which implies the second isomorphism of: 

^ i/,(Q(Z)®Q[z]Q[Z]®z[zxi/]^-)=0. 

So see the last isomorphism, note that as in the proof of Proposition 110.51 the 
homology of the circle with {t — 1) inverted vanishes, as long as t maps non-trivially 
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under the representation into Q[Z] , which in this case it certainly does. This justifies 
the statement above that 

H4Q{Z) ®z[zxH] i?-)=0. 

The definitions of the relative linking pairings can be made purely algebraically 
using chain complexes, using the corresponding sequences of isomorphisms: 

H^{Q{Z)/(Q[Z]®^[^^H']V) ^ HoniQ[z](i/i(Q[Z]«)z[z><H']'(^),Q(Z)/Q[Z]); 
and 

H\Q{Z)/Q[Z](^^[^^H,]V) ^ HomQ[z](if2(Q[Z]«)z[ZKff']'l^),Q(Z)/(Q[Z]). 

There are also an explicit chain level formulae for the pairings (3rei in a similar vein 
to that for Bl in Proposition 110.21 for us, the important point is that the above 
maps are indeed isomorphisms. 

To prove (ii), we show that in fact H2{Q[Z] ®j,[ikH'] '^[j)) is entirely torsion. 
This follows from the long exact sequence of the pair 

IdQ(z) ®i- Q(Z) ®z[zkh] N Q(Z) ®z[z^H'] V. 
We have the following excerpt: 

H2mZ) ®z[Zxif'] V) ^ H2mZ) ®z[Zv.H'] ^ i^l(Q(Z) ®z[Zxif] N). 

We have already seen in (i) that H2{Q(Z) <E)z[zkH'] V) = 0. We claim that 

i?l(Q(Z) ®z[z><H] N)9^0, 

which then implies by exactness that the central module H2{Q{Z) ®z[LkH'] '^U)) 
is also zero. Then note, since <Q(Z) is flat over Q[Z], that 

H2mZ) ®z[ZKH'] '^{j)) = Q(Z) «>Q[z] H2mZ] ®z[ZKH'] '^(j))- 

That this last module vanishes means that H2{Q[Z] <E)ziZt<H'] ^(j)) is Q[Z]-torsion. 
To see the claim that Hi{Q{Z) ®i[zkH] N) = 0, recall that: 

Hi{q[Z] 8)z[ZKH] N) = Hi{Q[Z] ®z[z><if]n =Q®z^fi(Z[Z] ®z[z><ff] -Q®z-ff, 

and that an Alexander module H is Z[Z]-torsion, so that the (I2[Z]-modulc Q ®z H 
is Q[Z]-torsion. This completes the proof of (ii); and therefore completes the proof 
of all the points that the chain complex argument for Theorem 1 1 . 11 1 is not directly 
analogous to the geometric argument in the proof of Theorem 1 7. 71 □ 

Definition 10.12. We define the map AC2 COT{c/ib) by mapping a triple 

with each (QF ®z[z><ff] N)p defined using 

p:Zt<H r 

in,h) ^ (n,Bl(p,/i)) 
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and given by the composition 

^ i/i(Q[Z] ®z[ZKff] N) ^ Hi{Q[Z] ®Qr (Qr ®z[zxh] N)p). 

The maps labelled as isomorphisms in this composition are given by the universal 
coefficient theorem, a Mayer- Vietoris sequence, and a simple chain level isomor- 
phism for the final identification. □ 

Wc give a more precise statement of Theorem IIO.H which shows that the map 
of pointed sets of Definition 110.121 is well-defined. 

Theorem 10.13. Let {H,y,^) - (W^y^,^^) e AC2 he equivalent triples. Then 
there exists a metaboliser 

P = P^ C (Q i?) ® (Q ®z H^) 

for the rational Blanchfield form 

Bl ® - Bl^ : (Q ®z H) ® (Q ®z if^) x (Q ®z H) ® (Q ®z H^) ^ Q(i)/Q[t, t~% 

such that, for any {p,q) G (Q ®z H) ® (Q ®z H"^), the corresponding elements 
in L'^{QT,QT — {0}), which are obtained using the representation p: Z k H ^ T 
defined by ^,p and Bl, satisfy: 

((Qr ®z[ZKH] N)p, Op) = ((Qr ®z[ZKff] N^)g, 0l) e l\qt, qt - {o}), 

with the reason why this holds being a ^-dimensional symmetric Poincare pair 

{jp®jl- (Qr ®^z^H] N)p ® (Qr «)z[ZK//] N^)q ^ iS0ip,g),9p ® ~el)) 

over Qr such that 

-ffi(Q«'Qr(Qr®z[ZKif]A^)p) ^ Hi{q®QrV(^p,g)) ^ i/i(Q®Qr (Qr®z[zxH] 
SMc/i i/iai the isomorphism 

Cp©C^ (Q®zi?)® (Q^zift) 

i/i(Q[Z] «.Qr (Qr «.z[zxH] © i^i(Q[Z] K-Qr (QF ®z[ZK//t] N^),) 

restricts to an isomorphism 

P ^ ker (i7i(Q[Z] ®z[ZKff] N) ® iJi(Q[Z] ®z[ZKfft] iV^) ^ iJi(Q[Z] «.Qr 

and such that the algebraic Thom complex (Definition \^.13\ , taken over the Ore 
localisation, is algebraically null-cobordant in Lg(IC) = L^{IC): 

KIC^Qr'^{{jp®jl)),ld®S9^p,g)/i0p(B^el))] = [0] £ L|(/C). 

That is, 

U ((Qr®z[ZKH]A^)p,^p) U ((Qr«)z[zx//t]^^)g,4) ecor(c/i.5)- 
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Proof. By the hypothesis we have a symmetric Poincare triad over Z[Z k H'] 



(Id,Id(8ro„.|. ) 

(£;,</.) ©(£;t,-</>t) ^{E,o) 



T] 




(r,$)©(rt,_$t) 



with isomorphisms 



and a commutative square 



e 




Corresponding to the manifold triad 



S"! X S"! X J 



xD^ X I, 



we have a symmetric Poincare triad. 



?f 
r;^ 



(r^,o)©(y^,o) 



(y^,o). 
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With this triad tensored up over Z[Z k H'] sending t i-> gi as usual, we glue the 
two triads together as follows: 



(Y^, 0) © (y^, 0) — ^'"''''^ ^ (y^, 0) 



r]^ 

7f 



We 
We'! 



{E, </.) © {E\ -<^t) fL^ [E, 0) 



ri 
T?!' 



(r,$)©(yt,_$t) 



to obtain a symmetric Poincare pair over Z[Z k H']: 

{{i, i^): N^N"^ ■.= V\Je Y^, (§ e U 0, 61 © -6*^)). 
We can define P, by Theorem 110. Ill to be 

P := ker((Q (^z H) © (Q 0z i?t) ^ i/,(Q[Z] iV) © i7i(Q[Z] © iV^) 

Now, for all {p, q) £ P, the representation 

(Bl© - Blt)((e(p),e^((z)), .) : Fi(Q[Z] ©z[z^H] A^) © ifi(Q[Z] N^) 

extends, by |COT03[ Theorem 3.6], to a representation 



This holds since the proof of |COT03l Theorem 3.6] is entirely homological alge- 
bra, so carries over to the chain complex situation without the need for additional 
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arguments. We therefore have an extensfon: 



Ub .jI) 



H' 



e 

et 



Hi{Z[Z] ®z[ZKH] N) ®^Hi{Z[Z] «)z[ZKHt] N^) ^ Hi{Z[Z] ®nzxH'] V) 



Hi{Q[Z] ®^^^H] N) ® i/i(Q[Z] ^zpKHt] N^) ^ H^mZ] ®m^H'] V) 



(Bl©BlT)((5(p) ^T(g)),.) 



Q[t,t-i]- 

Noting that, from the Mayer- Vietoris sequence for V = V IJe , there is an 
isomorphism 

i7i(Z[Z] ^?.z[ZKff'] 1^) ^ i^i(Z[Z] <^z[ZKff'] 
the top square commutes by the consistency condition. We therefore have an ex- 
tension of representations: 

(Idz.(jb.jt)) 

Z K (if © H^) ' ^ ZkH' 




The element 

((Qr ®z[ZKH] iv)p, © HQT ©z[ZK//t] iv^)p, G L^(Qr, Qr - {o}) 

therefore hes, by virtue of the existence of QF ©z[z><if'] ^(p.g)? i^i 
kcr(L^(Qr, (Qr - {0}) -> 



As in the L-theory focahsation sequence (Definition 17. lip , we therefore have the 
element: 

whose boundary is 

((Qr cszpKif] N)p, Op) © ((Qr ®z[ZK//t] N^)p, ~el) e L^iQT, QT - {0}). 



10. EXTRACTING THE COCHRAN-ORR-TEICHNER OBSTRUCTIONS 



167 



Since 2 is invertible in /C, we can do algebraic surgery below the middle dimension 
jRan80| Part I, Proposition 4.4], on to obtain a non-singular Hermitian 

form: 

(A: X ^ /C) e L%{K.) - L|(/C), 

whose image in: 

L%{1C)/L\W) 

detects the class of QP ®z[z><ff] ^ G -^'^(QP,QP — {0})- Once again, we apply 
Proposition ll0.61 again noting that it in fact applies just as well to finitely generated 
projective module chain complexes as to finitely generated free module complexes. 
Since j and induce isomorphisms on Z-homology, and therefore on Q-homology, 
we have that the chain map 

Id®i: Q ®QT (QP ®z[zkh\ N)p Q ®Qr (QP ®z[ZKff'] V(p,g)) 
induces isomorphisms 

for all fc, by a straight-forward Mayer- Vietoris argument. Therefore 

Hk{<^®^i^H'\ "^W) =0 

for all k by the long exact sequence of a pair. By Proposition 110.61 we therefore 
have that 

HkilC ®z[ZKff'] '^(j)(p,g)) = 
for all k. The long exact sequence in /C- homology associated to the short exact 
sequence 

^ '^(j)feg) ^ ^(Z[Z K H'] ®z[Z><Ht] nD ^ 

implies, noting that H^{1C ®zfz><ifti iVt) ^ 0, that 
for all k. In particular, since 

we see that the image of l^(p,q) in Lg(/C), which is the intersection form A, is trivially 
hyperbolic and represents the zero class of i^(/C). This completes the proof that 

®z[zxi/t] N\M^9'')q,^}^) 

e COT[c/i.5)- 

□ 

Finally, we have a non-triviality result, which shows that we can extract the 
L^^^-signatures from AC2- In order to obstruct the equivalence of triples {H, y, ^) ~ 
{H\y\£}) G AC2, we just need, by Proposition 18.101 to be able to obstruct an 
equivalence {H,yX) ^ ({Oji ^^'^j Id^o})- To achieve this, as in Definition 17.131 we 
need to obstruct the existence of a 4-dimensional symmetric Poincare pair over QP 

(j : (Qr ®z[ZKH] N)p Vp, {Qp, 9p)), 

for at least one p ^ 0, with £^{p) G P, for each metaboliser 

P = P^CHiiQ[Z] ®^j^^H] N) 
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of the Blanchficld form, where Vp satisfies tliat 

^(p) e ker(.7, : i/i(Q[Z] 8)z[ZkH] Np) ^ i?i(Q[Z] ®qr Vp)), 

that 

j*:Hi{Q (g)z[ZKff] N) A ffi(Qcg)Qr Vp) 
is an isomorphism, and that 

[/C®Qr^(j)] = [0]GL|(/C). 

We do this by taking i^^^ -signatures of the middle dimensional pairings on putative 
such Vp, to obstruct the Witt class in Lg{)C) = L'g{IC) from vanishing. First, we 
have a notion of algebraic (l)-solvability. 

Definition 10.14. We say that an element {H,y,£^) G AC2 with image € AC\ 
is algebraically (l)-solvable if the following holds. There exists a metaboliser P = 
P-*- C Hi (Q[Z] <E)z[i,kH] ^) for the rational Blanchfield form such that for any p ^ H 
such that ^(p) G P, we obtain an element: 

Qr ®z[z><i/] Np G kcr(i4(Qr, QT - {0}) ^ L^qv)), 

via a symmetric Poincare pair over QT: 

{j- Qr ®z[z><H]A^p->'^;,(ep,0p)), 

with 

P = kerO, : Hi{Q[Z] ®^^^h\ N) ^ ifi((Q[Z] ®Qr V^p)), 
and such that: 

J* ■■ HiiQ ®z[ZKH] iV) ^ ^^i(Q ®Qr V^p) 
is an isomorphism. We call each such (j : Qr^^j^,^^] Np Vp, {Qp, Op)) an algebraic 
(1) -solution. □ 

Theorem 10.15. Suppose that {H,y,^) G AC2 is algebraically [l)-solvable with 
algebraic (l)-solution {Vp,Qp) and ^(p) G P. Then since: 

ta.(L'(Qr.Qr - {0}) ^ L»(Qr)) . a 

we can apply the L^-^^ -signature homomorphism: 

a(2): L°(/C) ^R, 

to the intersection form: 

Xic : H2ilC 0Qr 1^,) x H2(/C ®Qr Vp) ^ /C. 
We can also calculate the signature (^(Aq) of the ordinary intersection form: 

Aq : H2{Q Cg)Qr Vp) x iJ2(Q Cg)Qr l^p) ^ Q, 
anrf so calculate the reduced L^^^ -signature 

a(2)(yp) = ^(2)(A^)_^(AQ). 

T/iis is independent, for fixed p, of changes in the choice of chain complex Vp . Pro- 
vided we check that the reduced L^'^^ -signature does not vanish, for each metaboliser 
P of the rational Blanchfield form with respect to which {H, y, ^) is algebraically 
{l)-solvable, and for each P, for at least one p € P \ {0}, then we have a chain- 
complex- Von~Neumann /9-invariant obstruction. This obstructs the image of the 
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element {H,y,£_) in COT(c/i.5) from being U, and therefore obstructs {H,y,£^) 
from being second order algebraically slice. 

Remark 10.16. Wc do not require any references to 4-manifolds, other than for 
pedagogic reasons, to extract the Cochran-Orr-Teichner L^^^-signature metabehan 
concordance obstructions from the triple of a (l)-solvable knot, or indeed for any 
algebraically (l)-solvable triple in AC2- This result relies strongly on the reason 
for the invariance of the reduced L^^^ -signatures which is least emphasised in the 
paper of Cochran-Orr-Teichner jCOTOS] , This is the result of Higson-Kasparov 
[HK97) that the analytic assembly map is onto for PTFA groups - see |COT03l 
Proposition 5.12], where it is shown that the surjectivity of the assembly map 
implies that the L^^'-signature and the ordinary signature coincide on the image 
of L°(Qr). The key point is that this result does not depend on manifolds; it is a 
purely algebraic result. 

The Higson-Kasparov result does not hold for groups with torsion, a fact made 
use of in e.g. |CO09| . Homology cobordism invariants which use representations 
to torsion groups appear to be using deeper manifold structure than is captured by 
symmetric Poincarc complexes alone. 

Proof of Theorem 110.151 For this proof wc omit the p subscripts from the 
notation; it is to be understood that tensor products with QF depend on a choice 
of representation. Given a pair 

which exhibits {H,y,£^) as being algebraically (l)-solvablc, we again take the ele- 
ment: 

and look at its image 

e L\K). 

We can calculate an intersection form Aye on H^{JC as in |Ran81| 

page 19], by taking 

x,y G (/C «)Qr^(j))' =HomK((/C®Qr'^(j))2,/C), 

and calculating: 

2/' = (e/0)o(y) e (/C ^Qr-^OOjs. 

Then 

Ak(2^,2/) := y'{x) = x{y') G K. 

This uses, as in the definition of Bl in Proposition ll0.2l the identification of (/C (g)Qr 
'^{j))2 with its double dual. By taking the chain complex Q (g)Qr "^0) we can also 
calculate the intersection form Aq G L'^((Q), with an analogous method. To see that 
the intersection form on i?^(Q (Sijjr ^(j)) is non-singular, consider the following 
long exact sequence of the pair; we claim that the maps labelled as j* and k are 
isomorphisms. 

H^Q ®QT V) H\q (E)z[z^H] N) H^iQ ®Qr <^(j)) ^ H^{Q ®Qr V). 
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The intersection form is given by the composition: 

^HomQ(772(Q ®Qr^(i)),Q), 

given by the map k from the long exact sequence of a pair, followed by a Poincare 
duality isomorphism induced by the symmetric structure, and a universal coefficient 
theorem isomorphism. To show that Aq is non-singular wc therefore need to show 
that K is an isomorpism. The assumption that there is an isomorphism 

on rational first homology implies that, as claimed, there is also an isomorphism 
,r:H\Q 0Qr V) ^ H^Q ®z[ZkH] N) 

on rational cohomology, by the universal coefficient theorem (the relevant Ext 
groups vanish with rational coefficients). Therefore, by exactness, the map: 

is injective. Over Q, for dimension reasons, it must therefore, as marked on the 
diagram, be an isomorphism; the dimensions must be equal since the second and 
third maps in the composition which gives Aq show that 

H^Q ®Qr V) - HomQ(ij2(Q ■^(.7)),Q), 
and the dimensions over Q of HomQ(iJ2(Q 'if{j)),Q) and of H^iQ (8)Qr ^(j)) 
coincide. Therefore the intersection form Aq is non-singular as claimed. 
The reduced L^^) 

-signature 

a(2)(F)=a(^)(AK)-a(AQ) 

detects the group L°g{IC)/L°{Qr). This will follow from |COT03| Proposition 5.12], 
which uses a result of Higson-Kasparov jHK97| on the analytic assembly map for 
PTFA groups such as F, and says that the L^^^-signature agrees with the ordinary 
signature on the image of L°(Qr). We claim that a non-zero reduced L'-^'-signature, 
for all possible metabolisers P = of the rational Blanchfield form, implies that 
{H,y,(,) is not second order algebraically slice. To see this, we need to show that, 
for a fixed representation p, the reduced L^^^-signaturc does not depend on the 
choice of chain complex V. 

We first note, by the proof of Theorem 110.131 that a change in {H,y,£^) to an 
equivalent element in AC2 produces an algebraic concordance which we can glue 
onto V as in Proposition l8.71 which neither changes the second homology of V with 
K. nor with Q coefficients, so does not change the corresponding signatures. 

To show that the reduced L^^^ -signature docs not depend on the choice of 
V, suppose that we have two algebraic (l)-solutions, that is two 4-dimcnsional 
symmetric Poincare pairs over QP: 

and 

such that p = G H . Use the union construction to form the symmetric Poincare 
complex: 
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Over QF ®z[IkH] N is contractible, so that: 
Therefore 

(V, 9) - (F*, e*) = € L\IC)/L\QT), 
which means that the images in L'g{JC) satisfy: 

x^-x^ = oe L° (/C)/L°(Qr) 

If Ajc - e i"((Qr), then by |COT03[ Proposition 5.12]: 

a(2)(AK - A^) = a{Q ^qr V UQr^w F*, Wq 0(9 -9^)) = <t(Aq) - a{X^), 

where the last equahty is by Novikov Additivity. Novikov Additivity also holds for 
ct(2): see |COT031 Lemma 5.9.3], so that: 

^(''(A^)-a(2nA^)=a(AQ)~a(A^) 

and therefore: 

as claimed. □ 

Remark 10.17. The results of Cochran-Orr-Teichner jCOT04| and Cochran- 
Harvey-Leidy ( |CHL09a| . ICHLlOj . fCHLOQbQ . which use Von Neumann p- 
invariants to show the existence of infinitely many linearly independent injections 
of Z and of Z2 into 5), can therefore be applied, so that we can use the 

chain-complex- Von-Neumann p-invariant of Theorem 110.151 to show the existence 
of infinitely many injections of Z and Z2 into kcr(^C2 — > ACi). 
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An nth Order Algebraic Concordance Group 

One obvious extension to this project, which the author intends to complete 
in future work, is to define an algebraic concordance group which captures all of 
the Cochran-Orr-Teichner (n)-solvable filtration. We will give an outline of how 
we conjecture that this should proceed. The material in this appendix is presented 
without proof. 

Theorem A.l. Let tt = tti{X) be the fundamental group of a knot exterior. Then 
n satisfies the following: 

(a) : the group tt is finitely presented, where all of the generators are conju- 
gates of one generator; 

(b) : the homology groups are Hi{tt] Z) = Z and Hk{TT] Z) = for k > 2; and 

(c) : the deficiency ofir, defined to be the maximum over all possible presen- 
tations of g — r, where g is the number of generators and r is the number 
of relations, is one. 

Definition A. 2. First, define the set V to be given by the set of equivalence 
classes of triples (7r,[V,^), where tt is a knot group, by which we mean it satisfies 
the conditions of Theorem lA.ll is a 3-dimensional symmetric Poincare triad of 
finitely generated projective Z[7r]-module chain complexes: 



g 



f- 



/+ 



as in Definition 16. 4| such that the induced maps 



173 



174 A. AN NTH ORDER ALGEBRAIC CONCORDANCE GROUP 

are isomorphisms; and ^ is a sequence of isomorphisms ^ = (^o, ^2, • ■ • ) which fit 
into the tower: 

tt/tt^) 1 i/i(Z[^/^(")] Y) 



^(i)/^(2) 1 ^ Y) 



^(2)/^(3) 1 ^ i/i(z[^/^(2)] ®^[,] y) 











Note the extra condition that the induced vertical maps are the zero maps, using 
the homomorphisms 

to define the maps and to consider both 

Fi(Z[V^W]®2[,] Y) 

and 

as Z[7r/7r^'^-']-modulcs. This was automatic in the second order case: since we only 
used the first two levels of the tower, this zero was guaranteed from the Z-homology 
isomorphism induced by f± . It was pointed out to me by Peter Teichner that this 
was implicit and would need to be considered in the higher order case. 

We say that two elements (tt, 3^,^) and (tt'^", 3^'^°, ^'^") are equivalent if there is 
an isomorphism lo : ir ^ tt'^" , which induces isomorphisms 

and 

. ^(fc) /^(fe+l) ^ (^%\(k) //%\{k+l) 
^(k/k+l)-T^ '^[TT ) 1 

and an equivalence of triads 
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such that, for all k, the following diagram commutes: 



The upper right vertical map comes from the chain isomorphism 



Z[(^^°)/(^^°)W] ®^r,r.i Z[7r"''"] F. 



The isomorphisms in the above square are a priori isomorphisms of groups, but 
we require that they are also isomorphisms of Z[7r/7r^*'')]-modules, using the isomor- 
phism a;(fc) : tt/tt^'"'^ ^ tt^" / (tt'^")'*^^ to define the module structure on those modules 
which are ostensibly Z[7r^°/(7r^°)''"'']-modules. Note that 7r('"")/7r''^+-'^' is abelian, and 
that tt/tt*^*'-' acts on ■n'^'^) by conjugation, so we can consider -n:'-^) j-K'^^^'^) 
as a Z[7r/7r('^^]-module. Similar remarks apply to tt^, tt'I' and tt' throughout this 
appendix. 

We conjecture that this defines an equivalence relation. □ 

We also conjecture that such triples can be combined to give V the structure 
of an abelian monoid with a well-defined monoid homomorphism Knots — >■ V, 
similarly to Definition 16.61 and Propositions 16.51 and 16.81 We add knot groups tt 
and TT^ using the free product to obtain = tt *z tt^ . 

Note that for knots whose groups have perfect commutator subgroups (the 
Alexander polynomial one knots), there is no data in the tower beyond the fc = 
level. Each stage in the tower corresponds to the information in a higher-order 
Alexander module, in the sense of |COT03l Section 3]. 

Definition A.3. We define two triples (7r,3^,0, (Tr^^^^t) e 75 to be (71 + l)th 
order algebraically concordant, or (r;,.5)-solvable equivalent, if there is a finitely 
presented group tt' with group homomorphisms 



Jb : TT ^ TT 



and 



which induce homomorphisms 



U)(fcA+i):(^^)^'V(^^) 



t^(fc) //^t^(fc+l) 



(^')(fc)/(^/)(fc+i)^ 
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and 



if there is a finitely generated projective Z[7r']-module chain complex with structure 
maps (y, &), the requisite chain maps j, , 5, and chain homotopies 7, 7^ such that 
there is a 4-dimensional symmetric Poincare triad: 

ZK] ®^[,] (E, 0) ® Z[V] ®z[,t] (El -0t) ^ (S, 0) 



IdC 



1] 

ryt 



with 



and if there is a sequence of isomorphisms ^' = (^O' ■ • ■ ' ^n); su^^li ^ti^'t there is a 



tower: 



tt'/tt' 



7r'(i)/V(2) 



i7i(Z[7r'/7r'(0)]®2[,,] F) 



V(n)/^,(«+i) 1 ^i7,(Z[7r'/7r'(")] V) 

and such that, for A: = 1, . . . , n, we have a commutative diagram: 



(ib)(fc/*: + l) 
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and a corresponding commutative diagram with daggers on each occurrence of the 
letters tt, Y, ^ and j not in the bottom row. The upper right vertical map is defined 
using Oti)(fc) for the map and to define the tensor product in the codomain. All 
maps in the above diagram are considered as Z[7r/7r('^']-module homomorphisms, 
using, when required, the map 

a)w:7r/7rW^7r7(^')^'\ 
to define the Z[7r/7r'^''')]-modulc structures. □ 

We conjecture that this defines an equivalence relation, and that this enables 
us to define an (n+ l)th order algebraic concordance group ACn+i- It seems likely 
that it will be necessary to have more control on the longitude I of a knot, perhaps 
including it as part of the data. We know fLemma 15. 5p that I S 'Ki{X)'-^\ but 
that typically I ^ 'Ki{X)^^\ Therefore it will play more of a role in higher order 
obstruction groups: we can also no longer take l(, = 

We conjecture that the group ACn+i fits into a diagram 

C 5> ACn+l 

C/J^{n.5) ^ COT(c/ ri.5) : 

with solid arrows as group homomorphisms and dotted arrows as morphisms of 
pointed sets, analogously to the results of Chapters |9] and [101 The pointed set 
COT{c/n.b) is defined, analogously to COTc/i.s, to be the equivalence classes of 
disjoint unions taken over all the possible choices of representations: 

c U <(Bu....3i„),(P.,...,P„)(Qr„'Qr„-{0}). 

(pi,...,p„)G®"^i TTTfTT 

The higher order Blanchfield forms Blfe and universally (fc)-solvable groups Tk are 
defined in |COT03| Sections 2 and 3]. I have only checked the details for the 
material in this appendix for n = 1, but, as mentioned above, hope to prove the 
general result in future work. 
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